Journal of the Indian Society for Probability and Statistics
https://doi.org/10.1007/541096-022-00145-2

RESEARCH ARTICLE

®

Check for
updates

Bayesian Linear Restricted Least Squares Estimators

Isiaka Oloyede’

Accepted: 26 November 2022
© The Indian Society for Probability and Statistics (ISPS) 2022

Abstract

Bayesian Statistics had been outshined classical Statistics over the years due to
its probabilistic approach to modelling and data analytics. In recent times, much
of model complexity and data ambiguity emerged of which the existing methods
have their drawbacks. Model complexity and data uncertainty most times exhibit
multicollinearity which render the inferences of least squares invalid. This then call
for improvement in the existing methods so as to capture the trend in model com-
plexity and data uncertainty. The Monte Carlo simulations was adopted to compare
the restricted least squares family of estimators (RLSFE) with the presence of mul-
ticollinearity and two sets of linear restrictions were imposed on the model. The
risk values and relative efficiency of the RLSFE under quadratic loss function were
estimated to compare the estimators. Bayesian restricted least squares estimator was
derived, the posterior mean and Bayes estimate were deprioritised with prior mean.
The study found out that posterior mean and Bayes estimates outperformed clas-
sical restricted least squares estimators due to their lower risk values. The relative
efficiency pointed to the fact that posterior mean and Bayes estimates are most pre-
ferred and efficient. The study further observed monotonic increase in the risk val-
ues as the p increases which proved the negative impact of multicollinearity of the
inferences of regression parameters.
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1 Introduction

Stein (1956) proposed Stein estimator, and its generalized form was proposed in
James and Stein (1960). Chaturvedi and Shalabh (1990) adopted Stein estimator in
modelling and estimating parameters of regression with autocorrelated errors term.
Chaturvedi and Shalabh (2014) examined Bayesian approach to regression under
extended balance loss function (EBLF). Ozbay et al. (2017) extended the work of
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Chaturvedi et al. (2001) modelling under multicollinearity, they proposed feasible
generalized restricted ridge regression estimator (FGSRRRE) to examine multicol-
linearity and autocorrelation. Monte Carlo simulation was performed in an attempt
to compare their estimator with existing estimators using predictive mean squares
errors (PMSE). They claimed that their estimator has smaller pmse. Chaturvedi
et al. (2006) claimed that Stein-rule estimator led to improvement in the risk proper-
ties of the ordinary least squares (OLS) in their simulation study, they opined that
the restricted Stein-rule is preferred to feasible restricted generalized least squares
estimator.

Chaturvedi and Shukala (1990) adopted Stein-rule estimator to obtain regres-
sion parameters with non-spherical disturbances and claimed its superiority over
feasible generalized least squares under a quadratic loss function. They added that
stein-rule estimator performed better than traditional unbiased least squares estima-
tor having lower risk under quadratic loss. Charles (2015) claimed that X is of full
rank thereby ignoring a situation whereby X’X is singular, so far estimation is pos-
sible due to restriction. David and Michael (1981) claimed that if restricted least
squares (RLS) is truly imposed on regression equation which may frequently due to
the problem of multicollinearity, thus restricted least squares (RLS) estimator of (f,)
is unbiased and efficient than Ordinary least squares estimator of . They added that
RLS estimator may be preferred to OLS if mean square error (mse) is used to make
comparison. Toro-Vizcarrondo and Wallace (1968) under generalized mean squares
error (GMSE), the null hypothesis was developed which showed that RLS outper-
formed OLS. Giles and Rayner (1979) used GMSE to compare OLS with Bayesian
estimator. David and Michael (1981) reported that it is not feasible to compare two
RLS estimators using GMSE criterion, they added that neither of the estimators will
depict dominance of the other for f and ¢2. Due to the insensitivity of GMSE to
compare two RLS as reported in the literature, this study therefore adopted pitman
closeness criterion under quadratic loss function. Jibo (2014) reported that mr-k
estimator is superior to OLS under pitman closeness criterion.

Rao et al. (1986), Keating and Mason (1988) adopted generalized pitman near-
ness (GPN) criterion and proved that stein rule estimator outperformed maximum
likelihood estimator. Sen et al. (1989) showed that stein rule estimator outperformed
maximum likelihood estimator (MLE) under quadratic loss function of GPN crite-
rion (Mason et al. 1990). Tran and Chaturvedi (1997) claimed that two stage hier-
archical information (2SHI) estimator outperformed stein rule and OLS estimators
when quadratic loss function pitman nearness criterion is adopted.

Bayesian restricted least estimation has not been thoroughly examined in the lit-
erature, the recent literature is the work of Lewis et al. (2021) which studied Bayes-
ian restricted likelihood methods within the realm of outliers datasets and model
misspecification. They provided alternative approach to solve the problem identified
from the drawbacks of previous studies. They concluded that their proposed esti-
mator proffered better predictive solution compared with competing methods. This
study examined and proposed Bayesian restricted least in the realm of non-spheri-
cal disturbances (multicollinearity) both in the dataset and models and compared it
with classical approaches. The sections of the study are arranged as follow: Sect. 1
contains introduction while Sect. 2 examined methodical design that thoughtfully
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examining the statistical framework of the study. Data analysis and interpretation
were in Sect. 3 whereas Sect. 4 dealt with conclusion of the study.

1.1 Multicollinearity Effects on Inferences

Multicollinearity has significant effect on the inferences of regression estimates,
there may be interchange of positive and negative sign of the parameters affected
leading to misleading judgement or decision. Standard error most times become
large and thereby leading to failure of rejecting null hypothesis on parameter signifi-
cant. Some parameters are significant wrongly thereby render p-value and confident
interval invalid. More importantly, the idea of holding some variables constant in
order to interpret the increase in one unit of a particular regressor effect on depend-
ent variable y can no longer hold due to relationship amongst the variables (Oloyede
2021).

2 Methodical Design of Restricted Family of Estimators

Definition Let y = Xf + u be linear regression model where y is the n X 1 vector
of dependent variable, X is n X p matrix of independent variables, §’ s is a set of
unknown parameters with u as the error term while R is the restricted matrix of the
p coefficients. The restricted least squares estimator is expressed as in Chaturvedi
and Shukla (1990)

R _ o 1-1
Lpe=p - (X'X)"'R [R(X’X) ‘R’] (R — 1) )
where f is the estimate of ordinary least squares.

If Rf — r = Othen f = f.
Considering (Chaturvedi and Shukla 1990), the stein rule of g is

A o —Xp)'(y—Xp)
=h-4
= -4 e @
The Restricted version of stein-rule can be derived as
) (v = XBe)' (v — XBe)
frs=|1-2 : 3
RS l n (ﬁRX’XﬂR) R ( )

2.1 Bayesian Restricted Least Squares Estimator

Theorem The restricted posterior density of restricted f and o is obtained through
marginalising of the conjugate of normal-inverse gamma and restricted likelihood
since both are of the same family of distribution.
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The linear model is express as:
y=Xpr+u “)

The likelihood function of #,X and y, where 8 = (f#,4) given sample vectors
X, X, =(,2,... ,n) and y= (y1»¥a5---»¥,) and incorporating restricted f is
expressed as

_n 1 i
L(pp, a*IX,y) = (275?) zexp[—ﬁ (y=XBg) (v~ XﬁR)] Q)
Simplify further.

(27)"2 is omitted since it is a constant which ordinary contribute no significant
effect.

1
L(fr. 0*1X. y) x 0™ exp[ 50y = 2Xy + ﬁRX’XﬁR)] )
L(fg. 0%1X, y) o exp
[—ﬁ (y/y — 28X + BLX'Xp — 2((X/X)_IX'y> X'y+ 2((x/x)“x’y)/x/x(( X'x x'y )] O

Y 1
= o7"exp| =55 (v = Xbg)' (¥ = Xbg) + bX' Xbg + BX B = 26 X'X0 | (8)

= a‘”ﬂp[—ﬁ <5(n — k) + (Pr — bg) X'X (g — bg) )] ©)

Setting the priors

p(Belo?) = @y F12| 2eap| -2 (5~ B)'= 7 (8 - B) (10)
p(az) x o~ @ k)exp[—ﬁ] (11)

Note, normal-inverse gamma priors are conjugate priors and were selected
because the prior and posterior densities are of the same family of distributions.

P(Belo?)p(e%) = @) H 12175 exp |3 (B = B) =76 - B)] x o Pexp [-2]
(12)

p(Brle®)p(o?) = o™ Vexp [_#(ﬂR -B)'T7 (B - B) + 2b] (13)

n X k size of X matrix; fy unknown parameters;B prior mean vector of beta (true

value),o2 prior variance for beta; & M(i_xﬁ);

ond hyper-parameter; Joint posterior density

a — k first hyper-parameter;b sec-
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ﬂ(ﬁR, 0'2|X,y) x o "exp [—ﬁ(&(ﬂ —k)+ (ﬂR - bR),X'X(ﬂR - bR)>]

1 / (14
x a_(“_k)exp[—ﬁ(ﬁR ~B)'S7(f — B) + 20|
lo}
& O_—n—a+kexp
15)

[~ 527 (61— 00+ (B = ba) X'X (B = bg) + 25+ 0> (5~ B) = (5~ B) )|

In an attempt to obtain marginal distribution of f, there is need to have Jacobian
3

. . . d d -1 1 =3
transformation after ¢ is replaced with s, J = |d—o| =55 2| =25
AY AY

Replace 62 with s

By (s_ : )—n—a+kexp
| : ) . 3y (16)
[—E%&m—ky+UQ—bRyvwa—mg+2b+sle—B)z‘mR—B)ﬂ(Esz)

Integrate w.r.t s —nuisance parameter in order to obtain g
© 1 nta—k=3

=g§s 2 exp

[—%s(&(n )+ (B = be) XX (B = by) +2b + 57 (B = B)'= (B~ B) )| ds

(17)
Recall
) qp+1
1=/ o T l)s”e—qsds (18)
0
e+ %, 4
prs = {s e ds (19)
where p = 2Hek=3

2

q= %(&(n —k)+ (Br = br) X'X (g — bg) +2b+ 57 (B — B) =7 (B — [EB))
with degree of freedom as v =n — k.

7(Blp. q) « ¢~P*D = g% then replace it

z(Blp, q)

_( nta—k-1
2

(20)

(6’(71 — )+ (Br = br) X'X (g — bg) +2b + 57" (B = B) =7 (B — B))

0=

To obtain marginal posterior densities we have:
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z(o|X,y) « 70'_"_a+kexp
0

I : , . @

[—ﬁ@(n —k)+ (Br—b) X'X(Br —B) +2b+0*(fr —B) =7 (Br — B))]dﬁR

r(olX.y) o [ o exp [—ﬁ(&(n - k))]
° » N (22)
X{exp[—ﬁ((ﬂ,e ~ bg) X'X (g = bg) + 26+ > (P = B)'=7" (5 — B) )| dbe

Through simplification we have

k
2

7(o|X,y) « 6" exp [—2%‘2(6'01 - k))] (2ﬂ0’2) (23)

L (n+a-2k)

701X, ) o (02) 2 e - 600 - 1) 4

Thus f ~ MVN(BR,62(X’X)_] [1 - (er)—lRf [R(Xfx)—er]‘lR])

62 ~ G<a1 % 2 - Xpg)’ [ze(x’x)“le’]_l (RBz 1) (r - RﬁR)>

(25)

2.2 Monte Carlo Simulation

The Monte Carlo simulation was adopted to compare the restricted least squares
family of estimators, the sample size was specified as 30 with p set at 6. p, was sys-
tematically selected from 0.1 to, 0.9, this was used to generate multicollinearity
dataset of which we have both moderate and severe multicollinearity data. The
covariates X, were generated using multivariate distribution. The error term U was
generated based on E (UU’ ) # 0 and the restricted parameters were specified as

b3+b4=1andb4+b6=0WithR=(OO 1100 >andq=<(l)>.Thematrix

000101
Fig. 1 Depicts autocorrelation Series BayeRLS[ 1]
plot for the choice of thinning =
g2 o
o 5 10 15 2'0 25 30
Lag
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Table 1 showing variance
inflation factor of the data
generated

p ﬂ()l ﬂ()Z ﬁ()} ﬂ()4 ﬂ()S

0.1 1.785325 1.217913  1.930596  1.671217 1.452277
0.2 2771761  1.665373  3.057676  2.636272 1.959127
0.3 4.647451  2.547162  5.018296  4.457057 2.947415
0.4 8.182233  4.217301  8.523845  7.878597 4.803048
0.5 15.10060 7.483754 15.14482  14.56669  8.406863
0.6 29.77650  14.40066  28.82776  28.74441  15.99509
0.7 65.68985 31.29746  61.64241  63.42416  34.44689
0.8 180.4569 8521176 164.8183 174.2174 93.10047
0.9 8682574 407.8967 7747486  838.0588  443.0215

Table 2 showing risk values and relative efficiency of restricted family of Estimators
p R(ﬁR) R(ﬁRs) R(ﬁRPM) R(ﬁRBAYES) Erry ErF E e g

0.1 11.8332  18.8338  5.885857  5.919469 0.62829594 2.0104464 1.99903066
02 143209  18.849 6.053441  6.036585 0.75976975 2.36574537  2.37235125
0.3 155009 18.8568  6.491827  6.333024 0.82203237 2.38775617  2.44763007
04  16.1252  18.8607  6.091179  6.063398 0.85496297 2.64730358  2.65943288
0.5 167196  18.8623  5.942714  5.959828 0.88640304 2.813462 2.80538297
0.6 17.7634 18.8636  6.061424  6.042594 0.94167603 2.93056549  2.93969775
0.7 202032  18.864 6.035536  6.024472 1.07099237 3.34737462  3.3535221

0.8  27.6065 18.8646  5.959823  5.970717 1.46340235 4.63210065  4.62364905
09  68.859 18.8649  6.360822  6.248666 3.65011211 10.8254876  11.0197921

R has K-columns which is conformable with b with j rows of j restrictions of full
row rank, thus j < k. Thereafter, the parameters f; (true values) were specified as
0.81,1.89,2.97,1.17,1.35 and1.62 respectively to generate variable y. The number of
replications of our experiment is set at 5000 with burn-in of 1000 which specified
the draws that were discarded to remove the effect of the initial values in MCMC
simulation while iteration was set at 1000 for other Monte Carlo simulation. The
thinning is set at 5 to ensure the removal of the effect of autocorrelation in the
MCMC simulation. The analysis was carried out using (R Core Team 2021) (Fig. 1).

2.3 Performance Metrics

Unweighted quadratic loss function was adopted to compare the restricted least
squares family of estimators in a finite sample.

A A ~ / A ~ A~ A A A~
l(ﬁR’ﬂ*R) = (ﬂR - ﬂ*R> (ﬂR - :B*R> where S, Prs. Prey and frpayps are the
restricted least squares, restricted stein least squares, restricted posterior mean and
Bayes estimates respectively. Risk values for Posterior and Bayes estimates were
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Fig.2 Depicts the risk values of
restricted least squares family of
estimators
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depriortised by averaging it with prior mean, this remove the dependency of Bayes-
ian on prior and bias over classical, thus afford equivalent comparison. The perfor-
mances of model evaluation and parameters learning through the minimization of
loss function showcase a good prediction and how well an estimate will be, this
attests to its widely choice.

3 Data Analysis and Interpretation

The outcome of the study were presented in Tables 1 and 2 specifying variance infla-
tion factor of the generated dataset, risk values and relative efficiency of restricted
least squares family of estimators.

The above table depicts the variance inflation factors that were used to detect the
presence of multicollinearity in the data generated. vif < 1 implies no multicolline-
arity, the vif between 5 and 10 indicates high correlation which may be problematic,
while the vif between 1 and 5 is moderately multicollinearity.

The study adopted (Chaturvedi et al. 2006) restricted Stein-rule estimator and
considered multicollinearity being one of the non-spherical disturbances in the data
generated process. The presence of multicollinearity in the data was verified with
VIF, this is depicted in Table 1 above. The result obtained in Table 2 is in con-
cordance with the work of Chaturvedi et al. (2006). The restricted posterior mean
and Bayes estimates were outperformed both restricted least squares and restricted
stein-rule estimator. Relative efficiency being the ratio of restricted least squares and
other estimators were depicted in Table 2, thus the efficiency in excess of 1 indicates
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that f is more efficient and preferred to f and vice versa. Analogously, frpy

and flrpayrs are more efficient and preferred to f. From the above table, the study
observed that the effect of multicollinearity is severe as the p for all the estimators
considered in the study (Figs. 2 and 3).

4 Contributions

The study has opened the limelight with which data and model that are with the
presence of multicollinearity could be solved and have inferences that will improve
the judgmental decision. The novel Bayesian version of restricted least squares when
multicollinearity is present has vividly shown less risk values and high relative effi-
ciency. Further works will be done in the other areas of non-spherical disturbances
as well as the intertwine of two or more non-spherical disturbances.

5 Conclusion

The study proposed novel Bayesian restricted least squares with multicollinearity
and made the comparison with classical restricted family of estimators. The study
concluded that both restricted posterior mean and Bayes estimates that are proba-
bilistic in nature are more efficient and preferred to other restricted estimators.
The study found out that posterior mean and Bayes estimates outperformed clas-
sical restricted least squares estimators due to their lower risk values. The relative
efficiency pointed to the fact that posterior mean and Bayes estimates are most
preferred and efficient. The study therefore recommends restricted Bayesian esti-
mator in the presence of multicollinearity. It is crystal clear and visually observed
that there exist upward trend monotonically in the risk values as the p increases.
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