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Abstract

This work ties together the tropical geometry and semigroup. We applied tropical geometry on
subsemigroup of order-preserving full transformation (OTx) by degenerating the elements of
classical algebra into tropical algebra in which the multiplicities were deduced through their
tropical curves.
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Introduction

A semigroup is an algebraic structure consisting of a non-empty set S together with an associative
binary operation while a transformation of X is a function from X to itself. The transformation
semigroup is one of the most fundamental mathematical objects that occur in theoretical computer
sciences, where the properties of language depend on the algebraic properties of various
transformation semigroup related to them.

LetX = {1,2,...,n} beafinite set ordered in standard way. Amap a:Dom(a) € X,, = Im(a) S
X, is said to be full (or total), if Im(a) = X,, denoted by T,

A Subsemigroup of (S,.) isanonempty subset T of S which is closed under the
multiplication of S. In otherwords, T is a subsemigroup under multiplication.

The name ‘'tropical’ was coined by some French mathematician which is denoted by T. As in
classical algebra, a tropical polynomial expression P(x) :"zid:oaixi" induces a tropical
polynomial function denoted by P on T:

P:T>T 1)
A strange space with mysterious properties hide behind the enigmatic name of tropical geometry.
This strange object is a line because of the geometric properties it satisfied.
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The set of tropical numbers is defined as T =Rw{—oc} endowed with the operations called
tropical addition and multiplication:

"X+ y"'=max{x, y}; (2)
XxY'=X+y (3)

with the usual conventions
VX eT,"X+(—00)"= max(x,—o) =x and "Xx(—0)"= X+ (—00) = —o0 4)

The tropical numbers along with these two operations form a semi-field, that is, they satisfies all
the axioms of a field except the existence of an inverse for the law of addition. In tropical
operations, "2x"#"x+X" but "2x"=x+2 and "Ox"=x but not equal to 0. In this paper,
tropical operations will be placed under quotation marks. A tropical polynomial is a convex pie

cewise affine function and each piece has an integer slope.

Tropical geometry has exploded as an area of research in the last decade with many new
connections and applications appearing each year. These include enumerate geometry and
arithmetic geometry. It builds on the older area of tropical mathematics more commonly known as
max-plus algebra which arises in semigroup theory, computer science and optimization. Brugalle
(2012) studied some aspects of tropical geometry, Maclagan (2012) looked into introduction to
tropical algebraic geometry. Also, Shaw (2013) worked on tropical intersection product in
matroidal fans. Furthermore, Brugalle and Shaw (2015) analysed obstructions to approximating
tropical curves in surfaces via intersection theory. Recently, Usamot et. al (2018) studied
tropicalization of idempotent elements on full transformation semigroup. For standard concepts
and terms in semigroup and tropical geometry theory see [Howie (1995), Umar(2010), Brugalle
et.al (2015)].

Our work ties together the tropical geometry and semigroup namely the study of the tropical
polynomials and their multiplicities. The elements in OT,, were degenerated into tropical
polynomial and some lemma as well as theorem were established with relevant examples to
validate the results.

Basic Definitions

Definition (Brugalle et. al. 2015)
A tropical number r is a root of a Polynomial P(x) in one variable in which the points X, on

the graph P(x) hasacornerat X, for —co<r <.

Definition (Brugalle et. al. 2015)
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The Multiplicity of a tropical root r denoted by M(r) defined as
M(r,)=|m —m,|i=12..n

where m, are the slopes of the lines in the tropical curve of P(x) intersecting above r.

Proposition (Brugalle et. al. 2015)
The tropical semi-field is algebraically closed. That is, every tropical polynomial of
degree d >0 hasexactly d roots when counted with multiplicities.

Definition (Umar 2010)
Let S=0OT, and o < OT,. Then, the height of « =|Im¢]|

Definition (Umar 2010)
Leta € OT, then, the order-preserving full transformation semigroup on X is

OT, ={a €OT,: (VX ye Doma) X<y = Xa < ya}.

Main Results

Theorem 1: Let S = OT,,. Then, every elements in OT,, has the same multiplicity for each n.

a, a, a - a
Proof: Let § = OT,, and a,Be Ssuchthat ¢ =| = 2 °° " | and
b1 bz b3 bn
C, C G Gy
B = for a,, = ¢, € dom(ea,B) and b, # d,, € Im(a, B).
d1 dz d3 dn

Consider the polynomials defined from a and 8 i.e

a(x) = aix™ + aj X"+ @i x™ o+ @ xR+ x4 by x4 e by xR
and
B(x) = cix™ 4 a1 x™ T+ Ciua XV A e X dix T+ d XV e g x™R

having the tropical polynomials;

Ta(x) ="ax™+ ajp1x™ 1+ ajox™ 2+ o+ @i x™+ bix™ + by x™E
n—-kn
+ biyrX

TB(x) ="cix™ + i1 x™ L+ €™ 2+ o+ X dx™ T H dy X
+ X"

71



Application of Tropical Geometry on Subsemigroup of Order-preserving Full Transformation

Which gives;
max{a; + nx,a;.; + (n—Dx,...,a;0 + (m—k)x,b; + (n— Vx,bjy1 + (n—2)x, b + (n
— k)x}
max{c; + nx,ciz1 + (n— Dx, ..., cizp + (m—k)x,d; + (n —1)x,d;y 1 + (n — 2)x,
dirx + (n—k)x}.
Then, from the tropical curve we observe that, a« and  have different roots

but the same multiplicities. i.e, MTy ) = MTp(x.

Example 1: (a) Let, S € OT,,, then consider the transformations « = (3)(4)(8)(9) (7 5] (10 9] (1
23](654]and £=0)(5)(6)(10)(31](421](9876]
with polynomial functions;

a(X) = X +4x° +6x° +7x" +9x° +10x° +12x"* +13x> +17x* +19x +9

LX) = x+3x +4x% +5x” +7x° +11x° +13x* +14x° +16x* +18x +10

Then, by the virtue of (2) and (3) we have;

T a(X) = max{le,9x +4,8X+6,7x+7,6X+9,5x +10,4x +12,3x +13,2x +17, X +19,9}

T B(x) = max{l0x,9x + 38X +4,7x +5,6x + 7,5x +11,4x +13,3x +14,2x +16, x+18,10}
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Tropical curve of a(x)
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From graph 1, the roots are; r, =-10,r, =1.8 and r, =4 withslopes m; =0,m, =1,m, =9 and
m, =10 having multiplicities
M (rl) = |m1 _m2|

M(r,) = |m2 _m3|
M(r;) = |m3 _m4|

Hence, the multiplicities of T, = (18 1).
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Tropical curve of B(x)
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From the tropical curve of S(x), the roots are; r,=-8,r,=1.8 and r, =3 with slopes
m =0,m,=1,m, =9 and m, =10 having multiplicities
M(r)= |m1 _m2|

M(r,) = |m2 - m3|

M(r,) = |m3 _m4|
=1

Hence, the multiplicities of T, =(181).

(b). Consider y,¢ € OT,, with transformations » = (1)(4)(7)(12)(15)(17) (2 1] (31] (16 15] (65 4]
(1087](1197] (1413 12]and ¢ = (2)(3)(6)(9)(12)(17)(12] (54 3] (876] (111097 (16 1514 13
12]
having polynomial functions:

7(X) = XM +3x" +4x" +5x +9x" +10x™ +12x" +15x™° +16x° +17x° +19x” + 21x°

+25x° +26x* +28x° +31x? +32x +17
and
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C(x) = X +4x"° +5x° + 7x" +8x" +10x" +13x " +14x" +16x° +19x° + 20x” +22x°

+25x° +26x* +28x°% +30x? +33x +17

Then, by conditions (2) and (3) we have;

T(x) = max 17x16X+315x+414x+513x+9,12x+10,11x +12,10x +15,9x +16,8x +17,
Y= TX+19,6X+ 215X+ 25,4X +26,3x+28,2x+31, x+ 3217

T£(x) = max 17x,16x +415x +514x + 7,13x +8,12x +10,11x +13,10x +14,9x +16,8x +19,
- X+ 20,6X + 22,5X + 25,4% + 26,3x + 28,2x + 30, x + 3317

Tropical curve of y(x)
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From the graph of |Ill, the roots are; r,=-15r,=2 and r,=3 with slopes

m, =0,m,=1,m, =16 and m, =17 having multiplicities

M(r)= |m1 _m2|

M(r,) = |m2 - m3|

75



Application of Tropical Geometry on Subsemigroup of Order-preserving Full Transformation

M(r,) = |m3 _m4|

Hence, the multiplicities of T, =(1151).

Tropical curve of £(X)

GRAPH IV

From the above tropical curve of £(x), the roots are;r, =-16,r, =2 and r, =4 with slopes

m, =0,m,=1,m, =16 and m, =17 having multiplicities

M(r) :|m1_m2|
=1

M(r,) = |m2 _m3|
=15

M(ry) = |m3 _m4|
=1

Hence, the multiplicities of T, , =(1151).
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Proposition 2: Every transfomation in OT,, for 1 < n < 3 have multiplicities of height 1.
Proof : Let the elements g, p, yeOT,,, where ge(0T,), pe(0T,) and ye(0T;) such that ¢ =
€1 (&1 €2 (61 €2 €3
(fl)'p B (f1 fz)andy - (f1 f2 f3)
with polynomial defines as follows;
ox)=ex+fi, pkx)=ex®+ex+fix+f, and

y(x) =ex® tex?tex+ fix? + fLox+ f5

Then, their tropical polynomials were given as:

To(x) ="extf;" =max{e, +x,fi1},
Tp(x) ="e;x’+e,x+fix+6" = max{2x + e}, x + €5, x + f1, f>}
Ty(x) ="ex’+e,x>+e;x+fx>+Hx+f;"

=max{3x + ey, 2x t ey, x +e32x + fi,x + f,, f3}.
From the curves, we obtained their multiplicities as

|MTa(x)| = IMTp(x)l = |MTy(x)| =1
Hence the result.

Theorem 3: For n > 4, the height of the multiplicities in OT,, have the same height of order 2.

Proof: From Theorem 1, the result follows such that
|MT(or,)| = |MTory)| . = IMT(or,y| = 2

Example2: (a) Leto € OT,, so that & = (2)(3) (1 2] (4 3]
with polynomial function;
O(X) = x* +4x> +5x* +7x+3

Then, by the equation (2) and (3) we have;
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T6(x) = max{4x,3x + 4,2x + 5,x + 7,3}

Tropical curve of §(x)
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From the above curve, the roots were; L=-4,r,=15 and r;,=4 with slopes
m, =0,m,=1,m, =3 and m, =4 having multiplicities

M(r) = |m1 _m2|

M(r;) = |m3 - m4|

Thus, the multiplicities of T, =(121).
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(b) Consider ¢ <OT,, with transformation ¢ = (1)(6)(7)(10) (31]1 (52] (871 (97]
(1110] (4 2 1]
having polynomial function

PH(X) = X" +3x" +4x° +5x° + 7x” +8x® +13x° +15x* +16x> +17x” + 21x+10

Then, by the virtue of (2) and (3) we have;

T ¢(x) = max{L1x,10x + 39X + 4,8X + 5,7x10 + 7,6X +8,5x +13,4x +15,3x +16,2x +17, x + 21,10}

Tropical curve of @(x)
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From the grap @(x) , the roots are; rp=-11,r,=2 and r,=3 with slopes
m, =0,m,=1,m, =10 and m, =11 having multiplicities

M(rl):|m1_m2| =1

M(r,) :|m2 _m3| =9
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M(r;) = |m3 _m4| =1

Similarly, the multiplicitiesof T, , =(19 1)

¢(X)

(c) Again let £ € OT,, with transformation given as « = (1)(2)(5)(10)(11)(15)(19)(21)(22) (3 2 ]
(421(86]1(2019] (9765] (1817 16 15] (24 23 22]
having polynomial function;

21(X) = X7 +3x% +5x% +6x7 + 7x*° +11x"° +12x"° +14x" +15x" +17x" + 21x™ + 23x™ +
24" 4+ 26x™ +28x™° +31x” +32x% +34x” +36x° +39x° +40x* +43x> + 45x* + 46X + 23

By equations (2) and (3) gives;

24X,23X+3,22X +5,21x + 6,20X + 7,19x +11,18x +12,17X +1416Xx +1515x +17,14x + 21,
Tu(X) = maxq13x + 2312x + 24,11x + 26,10x + 28,9x + 31,8x + 32,7x + 34,6 X + 36,5% + 39,4x + 40,
3Xx+43,2x + 45, X + 46,23

Tropical curve of u(x)
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From the graph VII, the roots were; r,=-23,r,=1 and r,=2 having slopes
m, =0,m, =1,m, =23 and m, =24 with multiplicities
M(r) = |m1 _m2| =1

M(r,) = |m, —my| =22

M(r,) =|m, —m,| =1

Thus, the multiplicities of T, = (1 22 1)

From Example2 (a),(b) and (c) it shows that
|MT(ory| = |MT(or,)| = IMT(or,,| = 2
Hence the result.

Theorem 4: Let S = OT,, then |MT(or| = (1, n—2,1) foralln > 3.

Proof: From Theorem 1 and Proposition 2 the slopes m; where 1 < i < 4. We deduce that
my; =0,m, =1,m3 =n—1and my = nVn = 3. And also By definition 2.2. we have,

1, L=1
|MTory| ={n—-2, 2<i<3
1, 3<i<4

Example3: (i) Given p =(2) (2 1] (3 2] OT, having polynomial function

p(X) = x> +3x* +4x+2
and tropical polynomial

Tp(x) = max{3x,2x + 3, x + 4,2}
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Tropical curve of p(x)
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By the curve p(x), the roots are;r, =-2,r, =1 and r, =3 and slopes m, =0,m, =1,m, =2,
m, =3 having multiplicities

M(r) = |m1 - m2|

=1
M(r,) = |m2 - m3|
=1
M(r;) = |m3 - m4|
=1

Hence, the multiplicities of T, =(111)

(ii) Let@ € OT,, then #=(2) (12](432](87653]
with polynomial function;
O(x) = x® +4x" +5x° +6x> +8x* +9x® +12x* +14x+7

Then, by the virtue of (2) and (3) we have;
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TO(X) = max{8x,7x +4,6X + 55X + 6,4X +8,3x +9,2x +12, X +14,7}

Tropical curve of 8(x)

GRAPH VIII

From the above tropical curve of 6(x), the roots are;r, =—6.9,r, =1.6 and r, =4 with slopes
m, =0,m, =1,m, =7 and m, =8 having multiplicities

M(r) = |m1 - m2|

=1

M(r,) = |m2 - m3|
=6

M(r;) = |m3 - m4|
=1

Hence, the multiplicities of T,,, =(16 1)

(iii) Let @ € OT,,, then @ = (1)(6)(10)(11)(25)(30)(16)(20)(21)(27) (2 1 ] (54 3 1] (98 7 6]
(15 14 13 12 11](19 18 17 16](24 23 22 21](26 25](29 28 27]
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with polynomial function;

@(X) = X3 +3x% +4x°® +5x*" +8x%° +10x* +13x*" +14x* +16x** +18x** + 21x*° + 23x™ +
24x* + 26X + 28x'° +30x™° + 33x™ + 34x™® +36x™% +38x™ + 41x + 43x° + 44x%® +
46X +48x° +51x° +52x* +55x> +56x? +58x + 30

Then, by the virtue of (2) and (3) we have;

30X,29X + 3,28X + 4,27X +5,26X + 8,25x +10,24Xx +13,23x +14,22X +16,21x +18,20x + 21,
Taw(X) = maxs19x + 2318x + 24,17x + 26,16X + 28,15x + 30,14x + 33,13x + 34,12x + 36,1 1x + 38,10x + 41,
Ix + 438X +44,7X +46,6X + 48,5x +51,4x +52,3x + 55,2 + 56, X + 58,30

Tropical curve of w(x)
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From the above tropical curve of @w(x), the roots are;r, =-28,r, =1.6 and r, =2 with slopes
m, =0,m, =1,m, =29 and m, =30 having multiplicities

M(r) = |m1 - m2|
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M(r,) = |m2 - m3|

M(r;) = |m3 - m4|

Hence, the multiplicities of T, = (128 1)

Remark: The sum of multiplicities on every transformation in OT, is equal to the degree of its
transformaion.

Conclusion

In this paper, we have shown that for each n, the multiplicity of elements in subsemigroup of
order-preserving OT,, are the same. Furthermore, for 1 <n < 3 andn > 4 the height of their
multiplicities are 1 and 2 respectively and finally for all n > 3, their multiplicities are of the form
(1,n—2,1).
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