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Abstract 

 

This work ties together the tropical geometry and semigroup. We applied tropical geometry on 

subsemigroup of order-preserving full transformation (OTn) by degenerating the elements of 

classical algebra into tropical algebra in which the multiplicities were deduced through their 

tropical curves.   
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Introduction 

 

A semigroup is an algebraic structure consisting of a non-empty set S together with an associative 

binary operation while a transformation of X is a function from X to itself. The transformation 

semigroup is one of the most fundamental mathematical objects that occur in theoretical computer 

sciences, where the properties of language depend on the algebraic properties of various 

transformation semigroup related to them.  

Let 𝑋 = {1,2, … , 𝑛} be a finite set ordered in standard way. A map 𝛼: 𝐷𝑜𝑚(𝛼) ⊆ 𝑋𝑛 → 𝐼𝑚(𝛼) ⊆

𝑋𝑛 is said to be full (or total), if 𝐼𝑚(𝛼) = 𝑋𝑛 denoted by Tn 

 A Subsemigroup of (𝑆, . ) is a nonempty subset 𝑇 of  𝑆 which is closed under the 

multiplication of S. In otherwords, 𝑇 is a subsemigroup under multiplication. 

 

The name 'tropical' was coined by some French mathematician which is denoted by T . As in 

classical algebra, a tropical polynomial expression "=")(
0=

i

i

d

i
xaxP   induces a tropical           

polynomial function denoted by P  on T ; 

 TT:P  (1) 

A strange space with mysterious properties hide behind the enigmatic name of tropical geometry.  

This strange object is a line because of the geometric properties it satisfied. 
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The set of tropical numbers is defined as }{= RT  endowed with the operations called   

tropical addition and multiplication:  

 };,{="" yxmaxyx  (2) 

 

 yxyx  =""  (3) 

 with the usual conventions 

  

  =)(=)"("        =),(=)"(", xxandxxmaxxx T  (4) 

 

The tropical numbers along with these two operations form a semi-field, that is, they satisfies all 

the axioms of a field except the existence of an inverse for the law of addition. In tropical 

operations, """"2 xxx   but 2=""2 xx  and xx =""0  but not equal to 0 . In this paper, 

tropical operations will be placed under quotation marks. A tropical polynomial is a convex pie 

cewise affine function and each piece has an integer slope. 

 

Tropical geometry has exploded as an area of research in the last decade with many new 

connections and applications appearing each year. These include enumerate geometry and 

arithmetic geometry. It builds on the older area of tropical mathematics more commonly known as 

max-plus algebra which arises in semigroup theory, computer science and optimization. Brugalle 

(2012) studied some aspects of tropical geometry, Maclagan (2012) looked into introduction to 

tropical algebraic geometry. Also, Shaw (2013) worked on tropical intersection product in 

matroidal fans. Furthermore, Brugalle and Shaw (2015) analysed obstructions to approximating 

tropical curves in surfaces via intersection theory. Recently, Usamot et. al (2018) studied 

tropicalization of idempotent elements on full transformation semigroup. For standard concepts 

and terms in semigroup and tropical geometry theory see [Howie (1995), Umar(2010), Brugalle 

et.al (2015)]. 

 

Our work ties together the tropical geometry and semigroup namely the study of the tropical 

polynomials and their multiplicities. The elements in 𝑂𝑇𝑛 were degenerated into tropical 

polynomial and some lemma as well as theorem were established with relevant examples to 

validate the results. 

 

Basic Definitions 
 

Definition (Brugalle et. al. 2015) 

A tropical number r  is a root of a Polynomial )(xP  in one variable in which the points 0x  on 

the graph )(xP  has a corner at 0x  for  r . 

 

Definition (Brugalle et. al. 2015) 
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The Multiplicity of a tropical root r  denoted by )(rM  defined as  

1=)(  iin mmrM 𝑖 = 1, 2, … 𝑛 

where im  are the slopes of the lines in the tropical curve of )(xP  intersecting above r . 

 

Proposition (Brugalle et. al. 2015) 

The tropical semi-field is algebraically closed. That is, every tropical polynomial of  

degree 0>d  has exactly d  roots when counted with multiplicities. 

 

Definition (Umar 2010) 

Let nOTS =  and nOT . Then, the height of  Im=
 

 

Definition (Umar 2010) 

Let nOT
 
then, the order-preserving full transformation semigroup on nX  is

.}  ), (:{=  yxyxDomyxOTOT nn   

 
Main Results 

 

Theorem 1: Let 𝑆 = 𝑂𝑇𝑛. Then, every elements in 𝑂𝑇𝑛 has the same multiplicity for each 𝑛. 

Proof: Let 𝑆 = 𝑂𝑇𝑛 and 𝛼, 𝛽𝜖 𝑆 such that 








n

n

bbbb

aaaa





321

321
=  and 

𝛽 = 








n

n

dddd

cccc





321

321
  for 𝑎𝑛 = 𝑐𝑛 ∈ 𝑑𝑜𝑚(𝛼, 𝛽) and 𝑏𝑛 ≠ 𝑑𝑛 ∈ 𝐼𝑚(𝛼, 𝛽).  

 

Consider the polynomials defined from 𝛼 𝑎𝑛𝑑 𝛽 i.e 

 

𝛼(𝑥) = 𝑎𝑖𝑥
𝑛 + 𝑎𝑖+1𝑥𝑛−1 + 𝑎𝑖+2𝑥𝑛−2 + ⋯ + 𝑎𝑖+𝑘𝑥𝑛−𝑘 + 𝑏𝑖𝑥

𝑛−1 + 𝑏𝑖+1𝑥𝑛−2 + ⋯ + 𝑏𝑖+𝑘𝑥𝑛−𝑘 

and  

𝛽(𝑥) = 𝑐𝑖𝑥
𝑛 + 𝑐𝑖+1𝑥𝑛−1 + 𝑐𝑖+2𝑥𝑛−2 + ⋯ + 𝑐𝑖+𝑘𝑥𝑛−𝑘 + 𝑑𝑖𝑥

𝑛−1 + 𝑑𝑖+1𝑥𝑛−2 + ⋯ + 𝑑𝑖+𝑘𝑥𝑛−𝑘 

 

having the tropical polynomials; 

 

T 𝛼(𝑥) = "𝑎𝑖𝑥
𝑛 + 𝑎𝑖+1𝑥𝑛−1 + 𝑎𝑖+2𝑥𝑛−2 + ⋯ + 𝑎𝑖+𝑘𝑥𝑛−𝑘 + 𝑏𝑖𝑥

𝑛−1 + 𝑏𝑖+1𝑥𝑛−2 + ⋯

+ 𝑏𝑖+𝑘𝑥𝑛−𝑘 " 

 

 

T 𝛽(𝑥) = "𝑐𝑖𝑥
𝑛 + 𝑐𝑖+1𝑥𝑛−1 + 𝑐𝑖+2𝑥𝑛−2 + ⋯ + 𝑐𝑖+𝑘𝑥𝑛−𝑘 + 𝑑𝑖𝑥

𝑛−1 + 𝑑𝑖+1𝑥𝑛−2 + ⋯

+ 𝑑𝑖+𝑘𝑥𝑛−𝑘 " 
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 Which gives; 

 

𝑚𝑎𝑥{𝑎𝑖 + 𝑛𝑥, 𝑎𝑖+1 + (𝑛 − 1)𝑥, … , 𝑎𝑖+𝑘 + (𝑛 − 𝑘)𝑥, 𝑏𝑖 + (𝑛 − 1)𝑥, 𝑏𝑖+1 + (𝑛 − 2)𝑥, 𝑏𝑖+𝑘 + (𝑛

− 𝑘)𝑥} 

𝑚𝑎𝑥{𝑐𝑖 + 𝑛𝑥, 𝑐𝑖+1 + (𝑛 − 1)𝑥, … , 𝑐𝑖+𝑘 + (𝑛 − 𝑘)𝑥, 𝑑𝑖 + (𝑛 − 1)𝑥, 𝑑𝑖+1 + (𝑛 − 2)𝑥,

𝑑𝑖+𝑘 + (𝑛 − 𝑘)𝑥}. 

 

Then, from the tropical curve we observe that, 𝛼 𝑎𝑛𝑑 𝛽 have different roots  

 but the same multiplicities. i.e, 𝑀𝑇𝛼(𝑥) = 𝑀𝑇𝛽(𝑥).          

                                                            

 

Example 1: (a) Let 10, OT , then consider the transformations )9)(8)(4)(3(= (7 5] (10 9] (1 

2 3] (6 5 4] and )10)(6)(5)(1(= (3 1] (4 2 1] (9 8 7 6] 

with polynomial functions; 

 

919171312109764=)( 2345678910  xxxxxxxxxxx  

  

 1018161413117543=)( 2345678910  xxxxxxxxxxx  

 

 

      Then, by the virtue of (2) and (3) we have;  

 

T  9,19,172,133,124,105,97,66,74,8,910=)(  xxxxxxxxxxmaxx  

 

T  10,18,162,143,134,115,76,57,48,3,910=)(  xxxxxxxxxxmaxx  
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Tropical curve of 𝜶(𝒙) 

 

 
   GRAPH I 

 

From graph I, the roots are; 8.1=10,= 21 rr   and 4=3r  with slopes 9=1,=0,= 321 mmm   and 

10=4m  having multiplicities  

 211 =)( mmrM 
 

1=  

  

322 =)( mmrM 
 

8=  

 

 433 =)( mmrM 
 

1=  

  

 Hence, the multiplicities of 1)  8  1 (=)(xT . 
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Tropical curve of 𝜷(𝒙) 

 

 
GRAPH II 

 

From the tropical curve of 𝛽(𝑥) , the roots are; 8.1=8,= 21 rr   and 3=3r  with slopes 

9=1,=0,= 321 mmm   and 10=4m  having multiplicities  

 211 =)( mmrM 
 

1=  

 322 =)( mmrM 
 

8=  

 

433 =)( mmrM   

1=
 

  

 Hence, the multiplicities of 1)  8  1 (=)(xT . 

 

(b). Consider 17, OT  with transformations )17)(15)(12)(7)(4)(1(= (2 1] (3 1] (16 15] (6 5 4] 

(10 8 7] (11 9 7] (14 13 12] and )17)(12)(9)(6)(3)(2(= (1 2] (5 4 3] (8 7 6] (11 10 9 ] (16 15 14 13 

12] 

having polynomial functions: 
67891011121314151617 211917161512109543=)( xxxxxxxxxxxxx   

 173231282625 2345  xxxxx  

and  
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67891011121314151617 222019161413108754=)( xxxxxxxxxxxxx   

 173330282625 2345  xxxxx  

 

 Then, by conditions (2) and (3) we have; 

)(xT












17,32,312,283,264,255,216,197

,178,169,1510,1211,1012,913,514,415,316,17
=

xxxxxxx

xxxxxxxxxx
max

 
 

)(xT












17,33,302,283,264,255,226,207

,198,169,1410,1311,1012,813,714,515,416,17
=

xxxxxxx

xxxxxxxxxx
max  

 

  

Tropical curve of 𝜸(𝒙) 

 

 
 

GRAPH III 

 

From the graph of III, the roots are; 2=15,= 21 rr   and 3=3r  with slopes 

16=1,=0,= 321 mmm   and 17=4m  having multiplicities  

 211 =)( mmrM 
 

1=  

 322 =)( mmrM 
 

15=  
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 433 =)( mmrM 
 

1=  

  

 Hence, the multiplicities of 1)  15  1 (=)(xT . 

 

Tropical curve of )(x   

 

 
 

GRAPH IV 

 

 

From the above tropical curve of )(x , the roots are; 2=16,= 21 rr   and 4=3r  with slopes 

16=1,=0,= 321 mmm   and 17=4m  having multiplicities  

 211 =)( mmrM 
 

1=  

 322 =)( mmrM 
 

15=  

 

 433 =)( mmrM 
 

1=  

  

 Hence, the multiplicities of 1)  15  1 (=)(xT . 
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Proposition 2: Every transfomation in 𝑂𝑇𝑛 for 1 ≤ 𝑛 ≤ 3 have multiplicities of height 1. 

 

Proof :  Let the elements 𝜎, 𝜌, 𝛾𝜖𝑂𝑇𝑛, where 𝜎𝜖(𝑂𝑇1), 𝜌𝜖(𝑂𝑇2) 𝑎𝑛𝑑 𝛾𝜖(𝑂𝑇3) such that 𝜎 =

(
𝑒1

𝑓1
) , 𝜌 = (

𝑒1 𝑒2

𝑓1 𝑓2
) 𝑎𝑛𝑑 𝛾 = (

𝑒1 𝑒2 𝑒3

𝑓1 𝑓2 𝑓3
)   

with polynomial defines as follows; 

𝜎(𝑥) = 𝑒1𝑥 + 𝑓1, 𝜌(𝑥) = 𝑒1𝑥2 + 𝑒2𝑥 + 𝑓1𝑥 + 𝑓2  𝑎𝑛𝑑   

 

𝛾(𝑥) = 𝑒1𝑥3 + 𝑒2𝑥2 + 𝑒3𝑥 + 𝑓1𝑥2 + 𝑓2𝑥 + 𝑓3 

 

Then, their tropical polynomials were given as: 

 

T 𝜎(𝑥) = "e1x+f1" = max {𝑒1 + 𝑥, 𝑓1},  

 

 

 𝑇𝜌(𝑥) = "e1x2+e2x+f1x+f2" = max {2𝑥 + 𝑒1, 𝑥 + 𝑒2, 𝑥 + 𝑓1,  𝑓2} 

 

T 𝛾(𝑥) = "e1x3+e2x2+e3x+f1x2+f2x+f3" 

                              = max {3𝑥 + 𝑒1, 2𝑥 + 𝑒2, 𝑥 + 𝑒3,2𝑥 + 𝑓1, 𝑥 + 𝑓2, 𝑓3}. 

 

From the curves, we obtained their multiplicities as  

 

|𝑀𝑇𝜎(𝑥)| = |𝑀𝑇𝜌(𝑥)| = |𝑀𝑇𝛾(𝑥)| = 1 

Hence the result. 

 

Theorem 3: For 𝑛 ≥ 4, the height of the multiplicities in 𝑂𝑇𝑛 have the same height of order 2. 

 

Proof: From Theorem 1, the result follows such that 

|𝑀𝑇(𝑂𝑇4)| = |𝑀𝑇(𝑂𝑇5)| … = |𝑀𝑇(𝑂𝑇𝑛)| = 2 

 

Example2: (a) Let 4OT , so that )3)(2(= (1 2] (4 3] 

  

with polynomial function; 

 

3754=)( 234  xxxxx  

  

Then, by the  equation (2) and (3) we have; 
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T 𝛿(𝑥) = max {4𝑥, 3𝑥 + 4,2𝑥 + 5, 𝑥 + 7,3} 

 

 

 

Tropical curve of 𝜹(𝒙) 

 

 
 

GRAPH V 

 

From the above curve, the roots were; 5.1=4,= 21 rr   and 4=3r  with slopes 

3=1,=0,= 321 mmm   and 4=4m  having multiplicities  

 211 =)( mmrM 
 

1=  
 

 

2=  

 

 433 =)( mmrM 
 

1=  

  

 Thus, the multiplicities of 1)  2  1 (=)(xT . 
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(b) Consider 11OT  with transformation )10)(7)(6)(1(= ]  1  3 ( ]  2  5 ( ]  7  8 ( ]  7  9 (

]10  11 ( ]1  2  4 (  

having polynomial function 

10211716151387543=)( 234567891011  xxxxxxxxxxxx  

  

 Then, by the virtue of (2) and (3) we have; 

 

T  10,21,172,163,154,135,86,7107,58,49,310,11=)(  xxxxxxxxxxxmaxx  

 

 

Tropical curve of ∅(𝒙) 

 

 
 

GRAPH VI 

 

From the grap ∅(𝑥) , the roots are; 2=11,= 21 rr   and 3=3r  with slopes 

10=1,=0,= 321 mmm   and 11=4m  having multiplicities  

       211 =)( mmrM  1=  

  

322 =)( mmrM  9=
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433 =)( mmrM  1=
 

  

 Similarly, the multiplicities of 1)  9  1 (=)(xT  

  

 

(c) Again let 24OT  with transformation given as )22)(21)(19)(15)(11)(10)(5)(2)(1(= ]  2  3 (

]  2  4 ( ]  6  8 ( ]  19  20 (  (9 7 6 5] (18 17 16 15] (24 23 22] 

having polynomial function; 

 

23464543403936343231282624

232117151412117653=)(

23456789101112

131415161718192021222324





xxxxxxxxxxxx

xxxxxxxxxxxxx
 

 

By equations (2) and (3) gives; 

 

 























23,46,452,433

,404,395,366,347,328,319,2810,2611,2412,2313

,2114,1715,1516,1417,1218,1119,720,621,522,323,24

=)(

xxx

xxxxxxxxxx

xxxxxxxxxxx

maxxT

 

 

Tropical curve of 𝝁(𝒙) 

 

 
 

GRAPH VII 
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From the graph VII, the roots were; 1=23,= 21 rr   and 2=3r  having slopes 

23=1,=0,= 321 mmm   and 24=4m  with multiplicities  

    211 =)( mmrM   1=
 

  

322 =)( mmrM  22=
 

 

        433 =)( mmrM  1=
 

 

   

 Thus, the multiplicities of 1)  22  1 (=)(xT
 

 

From Example2 (a),(b) and (c) it shows that  

 

|𝑀𝑇(𝑂𝑇4)| = |𝑀𝑇(𝑂𝑇11)| = |𝑀𝑇(𝑂𝑇24)| = 2 

Hence the result. 

  

 

Theorem 4: Let 𝑆 = 𝑂𝑇𝑛 , then |𝑀𝑇(𝑂𝑇𝑛)| = (1, 𝑛 − 2, 1)  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 3. 

 

 

Proof: From Theorem 1 and Proposition 2 the slopes 𝑚𝑖 𝑤ℎ𝑒𝑟𝑒 1 ≤ 𝑖 ≤ 4. We deduce that  

𝑚1 = 0, 𝑚2 = 1, 𝑚3 = 𝑛 − 1 𝑎𝑛𝑑 𝑚4 = 𝑛 ∀𝑛 ≥ 3. And also By definition 2.2. we have,  

 

|𝑀𝑇(𝑂𝑇𝑛)| = {
1, 𝑖 = 1

𝑛 − 2, 2 ≤ 𝑖 ≤ 3
1,                  3 ≤ 𝑖 ≤ 4

 

 

Example3: (i) Given )1(= (2 1] (3 2] 3OT  having polynomial function 

243=)( 23  xxxx  

  

and tropical polynomial 

 

 4,23,,23=)(  xxxmaxxT . 
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Tropical curve of 𝝆(𝒙) 

 

 
 

GRAPH VIII 

 

By the curve 𝜌(𝑥), the roots are; 1=2,= 21 rr   and 3=3r  and slopes 2=1,=0,= 321 mmm
’     

 

3=4m  having multiplicities  

 211 =)( mmrM    
 

1=  

 322 =)( mmrM 
 

1=  

 

 433 =)( mmrM 
 

1=  

   

 Hence, the multiplicities of 1)  1  1 (=)(xT  

 

 

(ii) Let 8OT , then )2(= ]  2  1 ( ]2  3  4 ( (8 7 6 5 3] 

with polynomial function; 

7141298654=)( 2345678  xxxxxxxxx  

  

 Then, by the virtue of (2) and (3) we have; 
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 7,14,122,93,84,65,56,47,8=)(  xxxxxxxxmaxxT  

 

Tropical curve of 𝜽(𝒙) 

 

 
 

GRAPH VIII 

 

 

From the above tropical curve of 𝜃(𝑥), the roots are; 6.1=9,.6= 21 rr   and 4=3r  with slopes 

7=1,=0,= 321 mmm   and 8=4m  having multiplicities  

 211 =)( mmrM     
 

1=  

 322 =)( mmrM 
 

6=  

 

 433 =)( mmrM 
 

1=  

   

 Hence, the multiplicities of 1)  6  1 (=)(xT  

 

 

(iii) Let 30OT , then )27)(21)(20)(16)(30)(25)(11)(10)(6)(1(= ]  1  2 ( (5 4 3 1] (9 8 7 6] 

       (15 14 13 12 11](19 18 17 16](24 23 22 21](26 25](29 28 27] 
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with polynomial function; 

 

3058565552514846

4443413836343330282624

232118161413108543=)(

234567

89101112131415161718

192021222324252627282930







xxxxxxx

xxxxxxxxxxx

xxxxxxxxxxxxx

 

 Then, by the virtue of (2) and (3) we have; 

 

 























30,58,562,553,524,515,486,467,448,439

,4110,3811,3612,3413,3314,3015,2816,2617,2418,2319

,2120,1821,1622,1423,1324,1025,826,527,428,329,30

=)(

xxxxxxxxx

xxxxxxxxxx

xxxxxxxxxxx

maxxT

 

Tropical curve of 𝝕(𝒙) 

 

 

 
 

GRAPH IX 

 

From the above tropical curve of 𝜛(𝑥), the roots are; 6.1=28,= 21 rr   and 2=3r  with slopes 

29=1,=0,= 321 mmm   and 30=4m  having multiplicities  

 211 =)( mmrM    
 

1=  
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 322 =)( mmrM 
 

28=  

 

 433 =)( mmrM 
 

1=
 

   

 Hence, the multiplicities of 1)  28  1 (=)(xT  

 

 

Remark: The sum of multiplicities on every transformation in OTn  is equal to the degree of its 

transformaion. 

 

 
Conclusion 

 

In this paper, we have shown that for each n, the multiplicity of elements in subsemigroup of 

order-preserving 𝑂𝑇𝑛 are the same. Furthermore, for 1 ≤ 𝑛 ≤ 3 and 𝑛 ≥ 4 the height of their 

multiplicities are 1 and 2 respectively and finally for all 𝑛 ≥ 3, their multiplicities are of the form 

(1, 𝑛 − 2, 1). 
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