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ABSTRACT

In this work, we employed an approximate solution of second and third-order Initial Value Problems (IVPs) in
Ordinary Differential Equations (ODEs) by utilizing a standard collocation method based on Hermite and Legendre
polynomials. The ODEs were first converted to integral equations and the basis function was substituted to obtain a
set of linear algebraic which then form equations that were solved via maple 2021. Comparisons were made with the
two trial solutions mentioned above in terms of errors obtained. Numerical examples were given to illustrate the
performance of the method for various orders. However, the Hermite polynomial basis exhibits better accuracy over
the Legendre polynomials in some results as can be seen from the tables of errors presented.

Keywords: Hermite Polynomial, Initial Value Problems, Integral Equations, Legendre Polynomial,

Standard Collocation Method.

INTRODUCTION

Ordinary  differential equations assume
significant roles in many applied fields such as
engineering, electrostatics,
electromagnetic,mechanics,mathematical
physics, and also in numerical analysis.

Many numerical methodologies have been
proposed for solving these problems by some
researchers which include Rao (1999), Chung,
Sarkar, Jung, & Zhong (2004), and Dianchen,
Chen, Rabia, Shamoona & Abdur (2018).

Numerous problems of theoretical physics,
engineering, and other disciplines usually lead
to linear and nonlinear Integral Equations or
Integro-Differential ~ Equations, = Ordinary
Differential Equations, and Partial Differential

Equations. This has drawn the consideration of

researchers to the answers to such problems.
Accordingly, various methods and techniques
have been developed to discover answers to
these problems. These include Skwame et al.
(2017) solved order ten implicit one-step hybrid
block method for the solution of stiff second-
order ordinary differential equations.

Skwame et al.(2019) also developed a numerical
application of third derivative hybrid block
methods on third-order initial value problem of
ordinary differential equation. Kunjan &
Twinkle (2015) proposed a solution of the
second kind of Volterra Integral and Integro-
differential equation using the Homotopy
Analysis Method. Oyedepo et al.(2020)
proposed a perturbed least squares method with
aid of orthogonal polynomial as basis function.
Gu & Jiang (1996) constructed a Haar wavelets
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operation matrix of integration and Antonia &
Nikta (2012) also constructing orthogonal
matrix polynomials satisfying differential
equations from two different Laguerre weights.
Sabo et al. (2020) formulate implicit second-
order backward differential Adam’s formulae to
solve stiff systems of fist order initial value
problems of ordinary differential equations.

Taiwo & Ishola(2009) presented Collocation
Approximation methods for the numerical
solution of integral equation of the second kind.
Akgonullu et al. (2010) presented a Hermite
matrix method to solve high-order liner
Fredholm integro-differential equations with
variable coefficients, Maleknejad, & Aghazadeh
(2005) wused the Taylor series expansion
approach to solve the Volterra integral equation
of the second kind with convolution kernel. In a
similar case, Ren, Zhang, & Oiao (1999) came up
with a simple Taylor-series expansion method
for a class of second kind integral equations.
Brunner (1985 and 1990) investigate the
application of collocation methods on Volterra
integral equations. Xu(2007) applied the
Variational iteration method to integral
equations. Wazwaz (1996 & 2011) also came up
with two methods for solving integral
equations.

Moreover, the application of the Chebyshev,
Hermite, Laguerre, and Legendre polynomials
and their numerical merits in solving Ordinary
Differential Equations (ODEs.) and Partial
Differential Equations (PDEs) numerically have
been discussed in Taiwo et al. (2012), Sohrab
(2006), Dianchen et al. (2018), Keilson, J., &
Nunn (1979) and Baek et al. (2004).

However, the incredible work did by previously
mentioned scientists and the researchers
motivated us and eventually led us to the

proposal of an Approximate solution of
ordinary differential and integral equations
using the collocation method based on Hermite
and Legendre polynomials.

BASIC DEFINITIONS
Definition 1

Collocation Method: This is a method of
evaluating a given differential equation at some
points to nullify the values of an ordinary
differential equation at those points.

Definition 2

Initial Value Problem (IVP): An Initial Value
Problem (IVP) can be defined as an ordinary
differential equation with a condition specified
at an initial point. The general initial value
problem is given as

YI(s) + RYTH) + -+ Ry Y'(s) + RY(s) =
0 @

Subject to initial conditions

Y(©0) = do, Y'(0) =dy, Y"(0) = dp, + -+ +
YmD0)(s) = d s (2)

Definition 3

Hermite Polynomial of order m is defined by

H;(s) and valid in the interval y < s < § is
defined as

—1)m! o
Hn(s) = X -2 (25)72 , m 2 0 (3)

m—2)

m . . . .
where M == if m is even and M = ,if mis

odd

and also, we can obtain these polynomials
using Rodrigue’s formula given as

Hn(s) = (—1)™e*" 22 (e7") 4)
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j = 0: Ho(s) = 1
j =1 Hy(s) = 2s
j =2 Ha(s) = 4s5% —2
j=3: Hs(s) = 8s% — 2s
j=4: Hy(s) = 16s* — 4853 + 12
j =5: Hg(s) = 32s°—160s3+ 120s

)
Hence, the trial solution is now given as

UYm(s) = Xy d; H;(s) (6)

where d; j=0,1,2,..,M are unknown
constants and H;(s) is the approximating
polynomials. M is the degree of approximating
Polynomials.

Definition 4

Legendre’s Polynomial is denoted and defined
by Rodrigue’s formula

1 dam

Ln(s) = =22 (2= D™ (7)

From the definition given above, it will be
observed that m*" derivative must be carried
out before a polynomial of degree m is
obtained. Thus, the first few set of Legendre
Polynomials can be obtained as follows:

Lo(s) will not involve any derivative since m =
0, hence we obtained L, (s) = 1.

Also, for m = 1, we obtain

Li(s)=s

Lo(s) =2(3s?=1)  : (8)

To obtain L3 (s) it will require differentiating

three times which will become cumbersome as
m increases. With this difficulty that may be

encountered with higher differentiation
especially as m > 2 in L,,(s) of Rodrigue’s
formula eqn. (7) above a simple formula for
generating the Legendre Polynomials is given
by its recurrence relation. This is given as

Lnia(9) = (557) s L)~ (757)

+1 m+1

Lypoa(s)ym=12,... (9)

Since LLy(s) and L, (s) are obtained from
Rodrigue’s formula eqn. (7), we can now switch
over to eqn. (9) to generate higher-order
polynomials as follows:

Ls(s) = (5s° — 35) (10)
Ly(s) = (35s* = 30s2+3)  (11)
Ls(s) = £ (63s° — 70s° +155) (12)

and so on.

Hence, the trial solution is now given as
Y (s) = Ejlo djL;(s) (13)

where d;(j = 0) are the unknown constants to
be determined and L;(s) Legendre polynomials
of the first kind and M is the degree of
approximating polynomials.

PROBLEM CONSIDERED AND
METHODOLOGY

In this section, we considered an m!" order
homogeneous linear equation with constant
coefficients given as

Y™(S) + Y1 Y™ V() + -+ 72 Y"(5) +
1Y’ () + v Y(s) = 0 (14)

Subject to initial conditions

YO) =no Y'(0)=n,Y"(0) =1, + -+
YD) = 1nes (15)
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where y'® are constants and m represent the
highest-order.

Standard Collocation Method Using Hermite
Polynomials

To solve eqn. (14) and (15) using the standard
method, we assumed an approximate solution

eqn. (6).

Thus, eqn. (6) is differentiated m-times to get
Y'(s) = Xjlo diHj(s)

Y''(s) = XjZo diHj (s)

Ym(s) = By dH™ (5) (16)

Hence, substituting eqn. (16) into eqn. (14), we
obtain

M M
D AH™ ) + ¥ ) V()
=0 =0

M M
Fed ) GHIE) 471 ) diH(6)
j=0 j=0

+Yo Z;YI:O dj,Hj(S) =0 (17)

Integrating both sides of eqn. (17), with respect
to u, we obtain

Jy (Bt diHE-m)(u))du +
Ym-1 fov(zy:() diHE.m_l) (u)) du+ -+
1Z fov(Z}”’:o d;H7 (w)) du

1 fy (EMo diHj(w)) du +
+¥o Jy (Xod; H;w)d =0 (18)

= [Zh, de.E-m_l)(v) -2 de.ﬁm_l)(O)] +

Ym-1[Zito H P @) — T, d;H" 2 (0)] +
Y2 [Z?io de} ) - Z?/I:O de} (0)] +
Vi[ZMod; H;(v) — ZiLod; H;(0)] +

Yo Jy (o d;H;()du =0 (19)
Substituting the conditions given in eqn.(15)
into eqn. (19), we obtain

(S0 dH™ V@) = N ] +

Vm-1[Z}50 deE-m_z)(v) — Nz +

V2o dH (@) — 1] + 11 Mo d; Hy (0) — 1] +
vo Iy (Zftod Hy()du =0 (20)

Expanding eqn. (20) further, we obtain

Z?io dej-m_l)(U) —NMm-1+

Vm-1 Z?‘io deS-m_z)(U) ~¥Ym-1Mm—2t -+
V2 Z?‘io de;'(V) — Y2+ 71 Z?‘io d; H; (v) -
vino + Yo Jy (Efeo d; H;(W)du =0 (21)

Integrating both sides of eqn. (21) with respect
to v, we obtain

J B dH @) dv = Yol dv
Yo J3 (B dH 2 (0)) dv —

X
Ym-1Mm-2 fo dv

tty, fOx(Z?io de-}(V))dV — Y2 fox dv
11 Jy (Z7%0 4 H; (W) dv

~Y1Mo fox dv+ Yo fox fov(Zﬁ-Vio d; H;(W))dudv =

0(22)
= [F(EM, B @) dv — Yt
e J3 (Eo GH 2 @) dv = Yyl

Tty [Zﬁo d;H;w) - Zﬁo d;H; (0)] — YoM X
+1 [y (Z)Lo 4 H; (1) dv — yimox
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+yo Jy Iy (T d; Hy(w))dudv=0 (23)
Expanding eqn. (24) further, we obtain
(B diHm Y ) dv -
VmTIm—1X+Vm—1 fox(zy:o de-E'm_Z)(U)) dU -

Ym-1Nm—2Xt+ V2 Zl}io d;jH;j(x) —yam0 —
Y21 x+t +yq fox(Z?io d; H; (v))dv = Y1MoX

+yo [ [, (Bito d; H;(W))dudv=0 (24)

Jy (Eo ™ P W) dv ~

Villm1X+Ym—1 J; (Zho H" 2 )) dv —
Ym-1Mm-2Xt+ V2 Zy]:o dj,Hj(x) —V2No —

Y2 xt +¥1 fox(Zﬂ-io dj,Hj(V))dV -
Vaox+¥o f; ((x = v) Lo d; H; (v))dv=0 (25)

This implies ¢ (dg, x) = XL, d; H; (%),
o(dy,x) = [ (ZMo dH" ™ ())dv,
o(dy,x) = [ ((x —v) Ty d; H;(v))dv,
¢(dnos, ) = [ (S 0 @) dv,

and

P(dm-z. ) = [} (ZMo dH" P @))dv (26)

Thus, substituting eqn. (26) into eqn.(27), we
obtain

(p(dm—l' x) ~VYmNMm-1%X + ym—l(p(dm—er) -
Ym-1lm-2 X + -+ ¥20(do, X) —¥2n0 — V2mx +
Y19(dy, x) — yinx + vo(dy, x) = 0 (27)

Thus, eqn.(27) is collocated at point x = x;, to
obtain

(p(dm—l' xi) — YmNm-1%i + Ym-1
(p(dm—eri) = Ym-1Mm—-2%; +

o(dy, x;) = vimix; + vop(dy, x;) = 0 (28)

where

(c—-9)i
M+1

X =9+ ,i=1,2,-,M (29)

Standard Collocation Method Using Legendre
Polynomials

To discuss this method, we assumed an
approximate solution of eqn. (14). This method
is similar to the one we discussed above under
section (3.2). We have (M+1) algebraic linear
system of equation (M+1) unknown

constants d;(j > 0). The (M+1) algebraic system
of linear equations is then solved by software
Maple 2021 to obtain the unknown constants
d;(j = 0) which are then substituted back in
eqn.(14).

NUMERICAL EXAMPLES

In this section, we have demonstrated the
Standard Collocation Approximation Method
on higher-order ordinary differential equations
via Hermite and Legendre Polynomials as the
basis functions and compared it with each
other. The examples are solved to illustrate the
accuracy, efficiency, and time of execution of
the method using the software Maple 2021.

Numerical Example 1
Consider the second order differential equation
L(YE) =Y"+2y'+Y =0 (31

with initial condition

Y@o)=0, Yy'(0)=1 (32)
and exact solution
Y(s) =xe™ (33)

Table 1 below, shows the numerical solution
obtained in terms of exact solution and the
errors for the ordinary differential equations
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solved through Hermite and Legendre Legendre Polynomials method in some a the

Polynomials basis function. It was observed that results obtained

the Hermite Polynomial performed better than

Table 1a: Results and Absolute errors obtained for example 1

s Exact Hermite Computed Legendre Computed Errorin Error in
Results Results Hermite. Legendre.
For Case M =3 For Case M =3
0.0  0.00000000000 -0.006624378800 -0.006624378800 6.62438E-03 6.62438E-03
0.2 0.16374615062 0.1632918637792 0.1632918637792 4.54287E-04 4.54287E-04
0.4 0.26812801841 0.2672534430016 0.2672534430016 8.74575E-04 8.74576E-04
0.6 0.32928698166 0.3289908160544 0.3289908160544 2.96166E-04 2.96166E-04
0.8 0.35946317129 0.3589856825248 0.3589856825248 4.77489E-04 4.77489E-04
1.0 0.36787944117 0.3677197420000 0.3677197420000 1.59699E-04 1.59691E-04
Table 1b: Results and Absolute errors obtained for example 1
s Exact Hermite Computed Legendre Computed Errorin Error in
Results Results Hermite. Legendre.
For Case M =6 For Case M =6
0.0  0.00000000000 -0.000004191554 -0.000004191688 4.19155E-06 4.19169E-06
0.2 0.16374615062 0.1637457936756 0.1637457938254 3.56900E-07 3.56800E-07
0.4 0.26812801841 0.2681278265263 0.2681278266841 1.91900E-07 1.91700E-07
0.6 0.32928698166 0.3292868447436 0.3292868449008 1.37000E-07 1.36800E-07
0.8 0.35946317129 0.3594630501394 0.3594630502863 1.21200E-07 1.21000E-07
1.0 0.36787944117 0.3678793598510 0.3678793599759 8.13000E-08 8.12000E-08
Numerical Example 2 with initial condition
Consider the second order differential equation Ywo)=0, Yy'(0)=1 (35)
L(Y@))=Y"+5Y' +6Y=0 (34) and exact solution
Ys)=—e3+e™> (36)
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Table 2 below, shows the numerical solution
obtained in terms of exact solution and the
errors for the ordinary differential equations
solved through Hermite and Legendre
Polynomials basis function. It was observed that
the results obtained by the Hermite Polynomial
performed better than Legendre Polynomials

method in a few iterations and a lower error.

Table 2a: Results and Absolute errors obtained for example 2

s Exact Hermite Computed  Legendre Computed Errorin Error in
Results Results Hermite. Legendre.
For Case M =3 For Case M =3
0.0  0.0000000000000 -0.0313428910000 -0.0313428910000 3.13429E-02 3.13429E-02
0.2 0.1215084099416 0.1156228766512 0.1156228766320 5.88553E-03 5.88553E-03
0.4 0.1481347522050 0.1497239508160 0.1439723950480 4.16236E-03 4.16236E-03
0.6 0.1358953236906 0.1357012700464 0.1357012700080 1.94054E-04 1.94054E-04
0.8 0.1111785647052 0.1101193253008 0.1101193252720 1.05924E-03 1.05924E-03
1.0  0.0855482148687 0.0865363846000 0.0865363846000 9.88161E-04 9.88161E-04
Table 2b: Results and Absolute errors obtained for example 2
s Exact Hermite Computed Legendre Computed  Error in Error in
Results Results Hermite. Legendre.
For Case M =6 For Case M =6
0.0  0.0000000000000 0.00040258320000 0.00040258420000 4.02583E-04 4.02584E-04
0.2 0.1215084099416 0.12145574045807 0.12145574133967 5.26694E-05 5.26686E-05
0.4 0.1481347522050 0.14811723274056 0.14811723344616 1.75195E-05 1.75188E-05
0.6 0.1358953236906 0.13589011524248 0.13589011577208 5.20850E-06 5.20790E-06
0.8 0.1111785647052 0.11117599983263 0.11117600028227 2.56490E-06 2.56440E-06
1.0  0.0855482148687 0.08554672450000 0.08554672510000 1.49037E-06 1.48977E-06
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Numerical Example 3

Consider the third order differential equation

L(Ys)=y"

with initial condition

Y@©) =4, Y'(0) =2, Yy"(0) =3 (38)

and exact solution

Y(s) = e’ +se’

_yll_yl+y=()

(37)

(39)

Table 3 below, shows the numerical solution

obtained in terms of exact solution and the

errors for the ordinary differential equations

solved

through Hermite

and Legendre

Polynomials basis function. It was observed that
the results obtained by the Hermite Polynomial
performed better than Legendre Polynomials
method in a few iterations and a lower erro

Table 3a: Results and Absolute errors obtained for example 3

s Exact Hermite Legendre Error in Error in
Computed Result Computed Result  Hermite. Legendre.
For Case M =3 For Case M =3
0.0  1.00000000000 1.000000000000 0.9396663550000 4.4E-02 6.03336E-02
0.2  1.46568330980 1.221392913839 1.2213929138135 7.50495E-03 7.50495E-03
04  2.08855457661 1.491802720235 1.4918027200548 2.02931E-02 2.02931E-02
0.6 291539008062 1.822084149092 1.8220841481468 8.70426E-02 8.70426E-02
0.8  4.00597367129 2.225492448817 2.2254924462281 2.43713E-01 2.43713E-01
1.0  5.43656365692 2.718170481120 2.7181704760200 5.24802E-01 5.24802E-01
Table 3b: Results and Absolute errors obtained for example 3
s Exact Hermite Computed Legendre Computed Errorin Error in
Result Result Hermite. Legendre.
For Case M =6 For Case M =6
0.0 1.0000000000 0.9995557455800 0.9995574562000 4.42544E-04 4.42544E-04
0.2 1.4656833098 1.4686246879341 1.4686246884931 2.94138E-03 2.94138E-03
0.4 2.08855457661 2.1148280102664 2.1148280190397 2.62734E-02 2.62734E-02
0.6 2.91539008062 3.0138569816983 3.0138569823181 9.84669E-02 9.84669E-02
0.8 4.00597367129 4.2628231540792 4.2628231545474 2.56849E-01 2.56849E-01
1.0 5.43656365692 5.9796925703000 5.9796925704000 5.43129E-01 5.43129E-01
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CONCLUSION

In this work, we have demonstrated the
collocation approximation method for solving
second and third-order Initial Value Problems
(IVPs) of various orders using the Hermite and
Legendre Polynomials as basis functions. We
have also compared our results with each other.
The results obtained by the Hermite Polynomial
basis performed better over the Legendre

Polynomial in some examples.

However, we also observed that Hermite
Polynomial with the initial approximation
obtained from initial conditions yielded a
good approximation to the exact solution as
the degree of M approximation increases.
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