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Abstract 

Focus in this paper is on the Hankel determinant , H 3 (1), for the well-know n 
classes of bounded-turning, starlike and convex func tions in the open unit disk E = 
{z E C : Izi < I }. The results obtained complete the series of resea rch works in the 
search for sharp upper bounds on H3 (1) for each of these classes. 
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1. Introduction 

Le t A the class of func tions 

j (z) = z + 0.2 z2 + .. . (] .1) 

w hich are ana lytic in E . A function j E A is sa id to be of bounded turning, starlike and 
convex respectively if and only if, for any z E E, Re }"(z) > 0, Re z1' (z )/ f (z ) > 0 
and Re (1 + zj"(z) / }"(z)) > O. By usual not ation s we denote these classes of functions 
respectively by R , S* and C. Let n 2: 0 and q 2: 1. Th en the q-th Hankel determinant is 
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de fined as: 
° n +q -l 

On+q - l 0 n +2(q - l ) 

(see [11J for example). The determinant has been investigated by several authors with 
the subje ct of inqui ry ranging from rate of growth of Hq(n ) as n --; 00 [11, 12] to the 
det ermination of precise bounds on Hq(n ) for specific q and n for some favored classes of 
functions [4,5 , 10]. In particlar, sha rp upp er bounds on H2 (2) we re obtained by the authors 
of articles [4,5, 10] for various class es of functi ons. In the pre sent investigat ion, our focus is 
on the Hankel determinant , H3 (1), for the well-known cla sses of bounded-turning, starlike 
and convex functions in E . 

By the definiti on, H3 (1) is given by 

0 1 0.2 0.3 

H 3(1) = 0 2 0 3 0.4 

03 04 0 5 

For f E A, 0 1 = 1 so that 

H3 (1) = (L3 (02 a4 - aD - 04(04 - 020.3) + 0.5(0.3 - o~) 

and , by triangle inequ ality, we have 

Incidentally, all of the function als on the right side of the inequality (1.2) have known 
(and sharp) upp er bound s in the classes of function s which are of interest in this paper, 
except la 2 a3 - 0.41. The last one is the we ll-known Feke te-Sze go function al. For R, sharp 
bound 2/ 3 was reported in [1 ] (with R corresponding to n "'-' 0' = 1, {3 = 0 in the classes 
T~ ((3) studied there) while for S* and C, sharp bounds 1 and 1/ 3, respectively, were given 
in [6]. Janteng et-al [4, S] obtained for the funct ional IH2(2 ) [ == !a204 - Q.~ I sharp bounds 
4/9, 1 and 1/ 8, repectively, for R, S" and C . Furthermore, it is kn own that for k ~ 2,3 , ... , 
lak l :::; 2/k, lOki :::; k and lo.kl :::; 1 also respectively for R, S* and C (see [2, 9]). Thus, 
finding the bes t poss ible bounds on 102a3 - 0,41 for each of the cl asses and usin g those 
known ineq ualiti es, then the sharp upp er bounds on H3 (1 ) follow as simple corollaries. 

Our investiga tion follows a method o f c lassica l analys is devised by Lib era and Zlotki­
ewicz [7, 8]. The same has been employed by many authors in s im ilar works (see also 
[4, S, 10]). In the next sec tion, we state the necessary lemmas while, in Section 3, we 
present our main results. 

2. Preliminary Lemmas 

Let P denote the cl ass of fun ctions p(z ) = 1 + Cl Z + C2z2 + ... which are reg ular in E 
and sat isfy Re p(z) > 0 for any z E E. To pro ve the main results in the next section, we 
sha ll require the follo wing two lemmas: 
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Lemma 2.1 ([2]). Let pEP, then ICkl ::; 2, k = 1, 2, . .. , and the inequality is sharp. 

Lemma 2.2 . ([7, 8]) . Let PEP, then 

(2 .1) 

and 
4C3 = cf + 2XCl(4 - ci) - X2C I(4 - ei) + 2z(I - lxI 2 )(4 - cI ) (2.2) 

fo r some x , z such that Ixi ::; 1 and Iz] ::; 1. 

3. Main Results 

Theorem 3.1. Let fER. Then 

and the inequality is sharp . 

Proof Let f E R. Then there exists a p E P such that t(z) = p( z), wherefrom equa ting 

co efficients we find th at 2a2 = C1 , 3a3 = C2 and 4a4 = C3 . Thus we have 

(3.1) 

Subs titut ing for C2 and C3 usin g Le mma 2.2, we obta in 

(3. 2) 

By Lemma 2.1, C1 ::; 2 . Then, letting C1 = C, we may assume with out restricti on that 
C E [0, 2] . Thus, appl ying the triangle inequalit y on (3 .2) w ith (l ~~ lxi, we obta in 

c3 2) C2)p2(4 - c c(4 - c2)p (c - 2)(4 ­
!a2a3 - a4 1::; 48 + 8 + 24 + 16 

= F(p) . 

Now, we have 
, c(4 - c2 ) (c - 2)(4 - c2 )p 

F (p) = + .. - > a 
24 8 

implyin g that F(p) is an increasing functi on of p on the closed interval [0, 1]. Hence F(p) ::; 
F( l) for all p E [0, 1] . Th at is, 

F( ) < c(5 - c
2 

)� 
p - 12� 

= G(c)� 

where from we have G'(c) = (5 - 3c2) / 12 and G"(c) = - c/ 2. .Since c E [0,2], by the 
ass umption, it foll ows that G(c) attains m aximum at c = yI5]3. Thus 

5/fG(c) < - ­
- 18 3 
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which corresponds to p = 1 and c = J5!3 and it is the desired upp er bound . 

By sett ing C1 = c = ) .5 /3 and selec ting x = - 1 in (2. 1) and (2.2), we find that 
C2 = - 1/3 and C3 = -4/3)5/3. Using these in (3.1) we see that equality is attain ed 
which shows that our result is sha rp. This completes the proof. 0 

Let f E R. Then using the above res uIt in ( 1.2) together wi th the known inequali ties 

10,3- a~ 1 :; 2/3 [1], 10,20,4 - a~ 1 ::; 4/9 [4] and Inkl ::; 2/k, k = 2,3 , · · · [9] , we have the 
sharp inequ ality: 

Corollary 3.2 . Let f ER. Then 

IH3 (1)1< 2736)3 +J;5J5 = 0.742267747509603. 
- 4860 3 

Theorem 3.3. Let f E S* . Then 

and the inequality is sharp. Equality is attained by the Koebe function k(z) = z/ (l - z )2. 

Proof Let f E S *. Then there exists a p E P such that zt (z ) = f( z)p(z ). Equating 

coefficients, we fi nd that 0,2 = cj , 20,3 = C2 + r:i and 6 0,4 = 2C 3 + 3 Cl C2 + cf. Thus we 
have 

10,2 0,3 - 0,4 1= 31 1c13 - r:31 · (3.3) 

Substituting for C3 from Le mma 2.2, we obtain 

Since C1 s: 2 by Lemma 2.1, let C1 = c and assume without restriction tha t c E [0,2 ]. 
Applying the triangle inequali ty on (3.4) wit h p = Ix;,we obtain 

12 2
10,2 0,3 - 0,4 1 ::; 1 [3c3 + 2(4 - c ) + 2c(4 - c2)p + (c - 2)(4 - C2)p2] 

= F(p). 

Differentiating F(p) , we have 

This implies that F(p) is an increasing funct ion of p on [0,1]. Hence F(p) s: F(I) for all 
p E [0, 1] . That is, 

F(p) < c. 

Sin ce c E [0,2]' it fo llows then that F(p) s: 2. Thus the maximu m of the fun ctional 

10,2 0,3 - 0,4 1correspo nds to p = 1 and c = 2. 

If C1 = C = 2 in (2.1) and (2.2), then we have C2 = C3 = 2. Usi ng these in (3.3), we see 
that equa lity is atta ined, which shows that our result is sha rp. Furthermore, it is easily seen 
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that the extremal function in this case is the well known Koebe functi on k( z) = z/ (l- z )2 
This completes the pr oof. 0 

For f E S ', using the kn own inequalities lOki::; k, k = 2,3, · . . [2], 102 0 4 - a ~1 ::; 1 
[5] and la3 - o§ ! ::; 1 [6) tog ether with. Theorem 3.3, we have the next corollary. 

Corollary 3.4. Le t f E S"' . Then 

IH3 (1)1 ::; 16 

and the inequ ality is sharp. Equ ality is attained by a rotation, k1(z ) = z/ (l + Z)2, of the 
Koebe f unction. 

Theorem 3.5. Let fEe. Then 

and the inequality is sharp. 

Proof For any fEe given by (1. 1), there exists apE P such that (Z1'(Z)) ' = 1'( z)p( z) . 
Then equating coefficients we find that 202 = Cl, 603 = C2 + Cr and 2 4 0 1 = 2 C3 +3 C1c2+cI· 
Thus we have 

1 0 20 3 - 01 1= 
1 3 

24 1c1 - Cl C2 - 2C3 1· (3.5) 

Substituting for C2 and C3 usin g Lemma 2.2, we obtain 

With C1 ::; 2 from Lemma 2. 1, we let C1 = C and assume also wi thout restriction that 
c E [0, 2J. Thus , applying the triangle inequality on (3 .6), with P = lx i,we obtain 

? 2 ? 2(4 - c- ) c(4 - c )p (c - 2)(4 - c-) P 
10 2 0 3 - a Ll I ::; 24 + 16 + 48 

= F (p). 

Differentiating F(p), we get 

1 c(4 - ( 2 ) (c - 2)(4 - c2 )p 
F (p) = + > 0

16 24 1 

which implies that F (p) is an increasin g fun ct ion of p on [0 , 1J. Hence F(p ) ::; F (l ) for 
all p E [0, 1]. Th at is, 

c(4 - c2 ) 
F (p) < 12 

= G(c) 

wherefro m we have G'( c) = (4 - 3c2) / 12 and G".(c) = -c/2. Since c E [0, 2] by our 
assumption, it follows that G(c) attai ns maximum at c = 2/-13. Tha t is 

4 
G(c) ::; 9-13 
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corresponding to p = 1 and c = 2 /3, which is the desired uppe r bound. 

lf we set C1 = C = 2)3 and take x = -1 in (2.1) and (2.2) we find that C2 = - 2/ 3 and 
(;3 = -10/ (3/3). Using these in (3.5) we see that equality is attained which show s that 
our result is sharp. This completes the proof. 0 

Fin ally for fEe if we use the known inequalitie s lak l ;:; 1, k = 2,3 , · . . [2], la2a4 ­
a51 ;:; 1/ 8 [5] and la3- a§ 1;:; 1/3 [6] together with the last result , we obtain the following 
sharp inequ ality: 

Corollary 3.6. Let i e C. Then 

IH3 (1)\ ;:; 32 ~~j3 = 0.71 49334529731 67 . 
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