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SUBCLASSES OF ANALYTIC FUNCTIONS DEFINED BY THE
INVERSES OF CERTAIN INTEGRAL OPERATORS

K. O. BABALOLA

Abstract. In this paper we introduce and study new classes of analytic and

univalent functions defined by the inverses of certain integral operators in the

unit disk E = {z ∈ C : |z| < 1}. The new classes of functions have been stud-

ied conveniently via corresponding non-iterative integral transformations of the

Caratheodory functions.

1. Introduction

Let A be the class of functions

f(z) = z + a2z
2 + · · · (1.1)

which are analytic in E. Denote by P the class of functions

p(z) = 1 + c1z + c2z
2 + · · · (1.2)

which are also analytic in the unit disk E and satisfy Re p(z) > 0, z ∈ E. Fur-
thermore, for 0 ≤ β < 1, let P (β) denote the subclasses of P consisting of analytic
functions of the form pβ(z) = β + (1− β)p(z), p ∈ P . It is well-known that f ∈ A is
a function of bounded turning of order β if f ′(z) ∈ P (β) and that all such f ∈ A are
univalent in the open unit disk and we denote their class by R(β).

Several important and interesting families of integral operators have been defined
and studied in the theory of geometric functions, including each of the following

J jσ,γf(z) =
∫ z

0

∇jσ,γ(z, t)f(t)dt, j = 1, 2

where

∇1
σ,γ(z, t) =

(
σ + γ

γ

)
σ

zγ
tγ−1

(
1− t

z

)σ−1

,
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and

∇2
σ,γ(z, t) =

(γ + 1)σtγ−1

zγΓ(σ)

(
log

z

t

)σ−1

.

where Γ denotes the Gamma function, f ∈ A has the normalization f(0) = f ′(z)−1 =
0 as in the series representation (1.1)(see [8, 10]), γ > −1 and σ > 0 in both cases.
Using the Beta and Gamma functions respectively, noting that(

σ

γ

)
=

Γ(σ + 1)
Γ(σ − γ + 1)Γ(γ + 1)

we find that:

J 1
σ,γf(z) = z +

∞∑
k=2

Γ(σ + γ + 1)Γ(γ + k)
Γ(γ + 1)Γ(σ + γ + k)

akz
k

and

J 2
σ,γf(z) = z +

∞∑
k=2

(
γ + 1
γ + k

)σ
akz

k.

These integrals generalize many earlier ones especially those in [5, 13]. Li and Srivas-
tava [12] observed that these integrals are closely related to the multiplier transfor-
mation or (fractional integral and fractional derivative) investigated by Flett [7] and
Kim et al [11].

In this paper, we consider the following inverses of the above integrals defined as
follows:

Ljσ,γf(z) =
∫ z

0

∆j
σ,γ(z, t)f(t)dt, j = 1, 2

where

∆1
σ,γ(z, t) =

(
γ

σ + γ

)
−σ
zσ+γ

(
1− t

z

)−(σ+1)

tσ+γ−1,

and

∆2
σ,γ(z, t) =

(γ + 1)−σtγ−1

zγΓ(−σ)

(
log

z

t

)−σ−1

,

where Γ, γ and σ are as defined above, so that by application of the Beta and Gamma
functions again and noting also that Γ(−σ) = −Γ(1− σ)/σ, we find that

L1
σ,γf(z) = z +

∞∑
k=2

Γ(γ + 1)Γ(σ + γ + k)
Γ(σ + γ + 1)Γ(γ + k)

akz
k

and

L2
σ,γf(z) = z +

∞∑
k=2

(
γ + k

γ + 1

)σ
akz

k.

Hence we have the relation

Ljσ,γ(J jσ,γf(z)) = J jσ,γ(Ljσ,γf(z)) = f(z) (1.3)

and note, in particular, that
Lj1,0f(z) = zf ′(z).
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Now using the inverse operators Ljσ,γ we now isolate the following classes of func-
tions.

Definition 1.1. For real numbers σ, γ and β as defined above, we say a function
f ∈ A is in the class Bjσ,γ(β) if and only if

Re
Ljσ,γf(z)

z
> β, z ∈ E.

In [3] we studied the classes Bσn(β) of functions f ∈ A satisfying

Re
Lσnf(z)
z

> β, z ∈ E

where σ is any fixed real number satisfying σ − (n− 1) > 0 for n ∈ N, 0 ≤ β < 1 and
Lσn : A→ A are convolution operators defined as:

Lσnf(z) = (τσ ∗ τ (−1)
σ,n ∗ f)(z)

where also τσ,n is defined as τσ,n(z) = z/(1−z)σ−(n−1) with σ− (n−1) > 0 and τ (−1)
σ,n

such that (τσ,n ∗ τ (−1)
σ,n )(z) = z/(1 − z); and τσ,0 and τ

(−1)
σ,0 are written simply as τσ

and τ
(−1)
σ respectively.

In series forms we find that for σ = 1,

Lj1,γf(z)
z

= 1 +
∞∑
k=1

γ + k + 1
γ + 1

ak+1z
k

and
Lσ1f(z)
z

= 1 +
∞∑
k=1

σ + k

σ
ak+1z

k

which establishes the equivalence

Bj1,γ(β) ≡ Bγ+1
1 (β) (1.4)

of classes of functions. Thus Bj1,γ(β) consists of univalent functions as is known of
Bσ1 (β) [3]. It can also be shown further that Bj1,0(β) ≡ R(β). By the relations (3)
and the associated geometric conditions, functions in Bjσ,γ(β) can be represented in
terms of functions in P (β) as f(z) = J jσ,γ [zpβ(z)]. The remaining parts of this paper
is organised thus: in Section 2 we present some transformations of P (β) which we
would need in the study of Bjσ,γ(β) as presented in Section 3.

2. integral transformation of the class P (β)

The P (β) family of functions of the form (2) of order β is well known for its central
role in geometric functions theory. In earlier works [1, 3] we have developed the
following integral transformations of functions in P ≡ P (0).
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Definition 2.1. ([1]) Let p ∈ P and α > 0 be real. The nth iterated integral
transform of p(z), z ∈ E is defined as

pn(z) =
α

zα

∫ z

0

tα−1pn−1(t)dt, n ≥ 1

with p0(z) = p(z)

and

Definition 2.2. ([3]) Let p ∈ P . Let σ be any fixed real number such that
σ − (n− 1) > 0 for n ∈ N. We define the sigma-nth integral iteration of p(z), z ∈ E
as

pσ,n(z) =
σ − (n− 1)
zσ−(n−1)

∫ z

0

tσ−npσ,n−1(t)dt, n ≥ 1

with pσ,0(z) = p(z).

The transformations are iterative and closely associated with certain families an-
alytic and univalent functions involving the well known Salagean and Rucheweyh
derivatives (see [1, 3]) and have been used effectively to characterize them. Further-
more we have, in [2], used the tranformation in Definition 1 together with a method
of Nehari and Netanyahu to determine the best possible coefficient bounds for some
classes of functions. New classes of functions have also been studied in [4] via the
transformations.

In this paper, two new non-iterative integral transformations of this same important
family of functions are presented.

Definition 2.3. Let p ∈ P (β). Let σ > 0, γ > −1 be real numbers. Then, for
z ∈ E define

φjσ,γ(p(z)) =
∫ z

0

λjσ,γ(z, t)p(t)dt, j = 1, 2 (2.1)

where

λ1
σ,γ(z, t) = σ

tγ

zγ+1

(
σ + γ

γ

)(
1− t

z

)σ−1

and

λ2
σ,γ(z, t) =

(γ + 1)σ

Γ(σ)
tγ

zγ+1

(
log

z

t

)σ−1

.

Economising on symbols, we would simply adopt the notation φj , j = 1, 2 when we
do not require to specify the parameters σ, γ. Now if p(z) has series expansion (1.2),
then evaluating the integrals (2.1) in terms of the Beta and Gamma functions we
obtain

φj(p(z)) = 1 + (1− β)
∞∑
k=1

cjkz
k, j = 1, 2,

where

c1k =
Γ(σ + γ + 1)Γ(γ + k + 1)
Γ(γ + 1)Γ(σ + γ + k + 1)

ck = c1σ,γ,kck (2.2)



SUBCLASSES OF ANALYTIC FUNCTIONS 259

and

c2k =
(

γ + 1
γ + k + 1

)σ
ck = c2σ,γ,kck. (2.3)

The transformations are analytic, normalized by p(0) = 1 and φj 6= 0 for z ∈ E
and are well defined. We quickly make the following

Remark 2.1. (i) The extremal functions for the transformations are the transfor-
mations of the Moebius function: φj(L0,β(z)), j = 1, 2, up to rotations, where

L0,β(z) =
1 + (1− 2β)z

1− z
.

(ii) The inequalities

|c1k| ≤ 2(1− β)c1σ,γ,k; |c2k| ≤ 2(1− β)c2σ,γ,k

hold, following from the well-known Caratheodory Lemma (|ck| ≤ 2).
(iii) φ1

1,γ(p(z)) ≡ φ2
1,γ(p(z)) for all γ > −1.

(iv) Finally using (2.2) and (2.3) we have the following relations

z(φ1
σ,γ)′ = (σ + γ)[φ1

σ−1,γ − φ1
σ,γ ] (2.4)

and
z(φ2

σ,γ)′ = (γ + 1)[φ2
σ−1,γ − φ2

σ,γ ]. (2.5)

For real numbers σ > 0, γ > −1 we denote the classes of transformations φj by
Φj(β). Next we characterize the transformations φj . Proofs of assertions, in some
cases, are omitted since they follow, mutatis mutandis, as we have done in [1, 3]. We
shall need the following definition and lemmas.

An infinite sequence a0, a1, ..., ak, ... of nonnegative numbers is said to be a convex
null sequence if ak → 0 as k → ∞ and a0 − a1 ≥ a1 − a2 ≥ ... ≥ ak − ak+1 ≥ ... ≥ 0
(see [9] for example).

Lemma 2.1 ([6]). Let {ck}∞k=0 be a convex null sequence. Then the function
p(z) = c0/2 + c1z + c2z

2 + ..., z ∈ E, is analytic in E and Re p(z) > 0.

Lemma 2.2 (see [9]). If p(z) is analytic in E, p(0) = 1 and Re p(z) > 1/2, z ∈ E,
then for any function q(z) analytic in E, the convolution p ∗ q takes its values in the
convex hull of q(E).

Theorem 2.3. Φj(β) ⊂ P (β).

Proof. For j = 1, let z = reiθ and t = ρeiθ, 0 < ρ ≤ r < 1 so that

φ1(p(reiθ)) =
(
σ + γ

γ

)
σ

rγ+1

∫ r

0

(
1− ρ

r

)σ−1

ργp(ρeiθ)dρ,

which gives

Re φ1(p(reiθ)) =
(
σ + γ

γ

)
σ

rγ+1

∫ r

0

(
1− ρ

r

)σ−1

ργRe p(ρeiθ)dρ.
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Since Re p(z) > β, we have

Re φ1(p(reiθ)) > β

(
σ + γ

γ

)
σ

rγ+1

∫ r

0

(
1− ρ

r

)σ−1

ργdρ.

Evaluating the above integral in terms of Beta function, noting again that(
σ

γ

)
=

Γ(σ + 1)
Γ(σ − γ + 1)Γ(γ + 1)

we shall obtain

Re φ1(p(reiθ)) > β.

This proves that Φ3(β) ⊂ P (β). For j = 2 the proof is similar, using the Gamma
function. �

Theorem 2.4. If σ2 > σ1 > 0, then

Φjσ2,γ(β) ⊂ Φjσ1,γ(β).

Proof. Write σ2 = σ0 + σ1, where σ0 > 0. Then for j = 1, we shall prove that Re
φ1
σ2,γ > β given that Re φ1

σ1,γ > β. From (2.2) we have

c1σ2,γ,k =
Γ(σ2 + γ + 1)Γ(γ + k + 1)
Γ(γ + 1)Γ(σ2 + γ + k + 1)

=
Γ(σ0 + σ1 + γ + 1)Γ(γ + k + 1)
Γ(γ + 1)Γ(σ0 + σ1 + γ + k + 1)

=
(σ1 + γ + 1)(σ1 + γ + 2)...(σ1 + γ + σ0)

(σ1 + γ + k + 1)(σ1 + γ + k + 2)...(σ1 + γ + k + σ0)
c1σ1,γ,k

= c∗kc
1
σ1,γ,k.

Hence we can represent φ1
σ2,γ as

φ1
σ2,γ = q ∗ φ1

σ1,γ

where ∗ means convolution (or Hadamard product) of analytic functions and q(z) =
1 +

∑∞
k=1 c

∗
kz
k. And it is easily verified that the sequence {c∗k}∞k=0, c∗0 = 1, is convex

null. Thus it follows from Lemmas 1 and 2 that Re q(z) > 1/2 so that φ1
σ2,γ takes

values in the convex hull of φ1
σ1,γ . Hence Re φ1

σ2,γ > β.
Now for j = 2, it is trivially obvious from (2.3) by observing that

φ2
σ2,γ(p(z)) = φ2

σ0,γ(φ2
σ1,γ(p(z))),

which shows that Re φ2
σ1,γ > β implies Re φ2

σ2,γ > β as required. The proof is thus
complete. �

The following theorems can be proved in the same way as in [1, 3].
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Theorem 2.5. Let φj ∈ Φj(β). Define

M j
σ,γ(β, r) = 1 + 2(1− β)

∞∑
k=1

cjσ,γ,kr
k, |z| = r

and

mj
σ,γ(β, r) = 1 + 2(1− β)

∞∑
k=1

cjσ,γ,k(−r)k, |z| = r.

Then
mj
σ,γ(β, r) ≤ Re φj(z) ≤ |φj(z)| ≤M j

σ,γ(β, r).

The extremal functions φj(L0,β(z)) and φj(L0,β(−z)) show that both bounds are best
possible.

Corollary 2.6. φj ∈ Φj(β) if and only if φj(p(z)) ≺ φj(L0,β(z)).

Remark 2.2. For z ∈ E, the following are equivalent:
(i) p ≺ L0,β(z),
(ii) p ∈ P (β),
(iii) φj ∈ Φj(β),
(iv) φj(p(z)) ≺ φj(L0,β(z)).

Theorem 2.7. Φj(β) is a convex set.

3. Properties of the classes Bjσ,γ(β)

Similar to Lemmas 4.2 and 2 of [1, 3] respectively we have

Lemma 3.1. Let f ∈ A. For real numbers σ and γ as defined above and z ∈ E,
the following are equivalent:

(i) f ∈ Bjσ,γ(β),
(ii) Ljσ,γf(z)/z ∈ P (β),
(iii) f(z)/z ∈ Φj(β).

If p ∈ P (β), then using the above lemma and the relation (1.3) we see that functions
in Bjσ,γ(β) have the following integral representations:

f(z) = J jσ,γ [zp(z)] = zφjσ,γ(p(z)).

Using the above representation we find that

f1(z) = z + (1− β)
γ + 1

σ + γ + 1
z2 + · · · ∈ B1

σ,γ(β)

and

f2(z) = z + (1− β)
(
γ + 1
γ + 2

)σ
z2 + · · · ∈ B2

σ,γ(β).

Theorem 3.2. If σ2 > σ1 > 0, then

Bjσ2,γ(β) ⊂ Bjσ1,γ(β).
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Proof. Let f ∈ Bjσ2,γ(β). Then by Lemma 3, f(z)/z ∈ Φjσ2
(β). Then using Theorem

2, f(z)/z ∈ Φjσ1
(β). By Lemma 3 again, f ∈ Bjσ1,γ(β). �

Theorem 3.3. Bj1,γ(β) consists only of univalent functions in E.

Proof. It follows from the equivalence (1.4). �

The following corollary is a consequence of Theorems 5 and 6.

Corollary 3.4. For σ ≥ 1, Bjσ,γ(β) is a subclass of univalent functions in E.

The next result is also a consequence of Lemma 3 and Remark 1(ii).

Theorem 3.5. Let f ∈ Bjσ,γ(β). Then

|ak| ≤ 2(1− β)cjσ,γ,k, k ≥ 2.

Equality is attained for

f(z) = z + 2(1− β)
∞∑
k=2

cjσ,γ,kz
k. (3.1)

If we take φj(z) = f(z)/z in Theorem 3, we have the following

Theorem 3.6. Let f ∈ Bjσ,γ(β). Then

rmj
σ,γ(β, r) ≤ |f(z)| ≤ rM j

σ,γ(β, r).

Upper bound equality is realized for the function given by (3.1) while equality in the
lower bound is attained for the function

f(z) = z + 2(1− β)
∞∑
k=2

(−1)k−1cσ,γ,kz
k . (3.2)

Theorem 3.7. Each function f(z) in the class Bjσ,γ(β) maps the unit disk onto a
domain which covers the disk |w| < mj

σ,γ(β, 1). The result is sharp.

Proof. From Theorem 8, we have |f(z)| ≥ rmj
σ,γ(β, r). This implies that the range of

every function f(z) in the class Bjσ,γ(β) covers the disk

|w| < mj
σ,γ(β, 1) = inf

r→1
mj
σ,γ(β, r).

The function given by (3.2) shows that the result is sharp. �

Theorem 3.8. Let f ∈ B1
σ,γ(β) and σ + γ > 0, then

m1
σ,γ(β, r) ≤

∣∣∣∣ (σ + γ − 1)f(z)/z + f ′(z)
σ + γ

∣∣∣∣ ≤M1
σ,γ(β, r).

Similarly, if f ∈ B2
σ,γ(β) then

m2
σ,γ(β, r) ≤

∣∣∣∣γf(z)/z + f ′(z)
γ + 1

∣∣∣∣ ≤M2
σ,γ(β, r).
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Upper bound equality is realized for the function f(z) given by (3.1) while equality in
the lower bound is attained for the function f(z) defined by (3.2).

Proof. Since f ∈ Bjσ,γ(β), by Lemma 2, there exists φj ∈ Φj(β) such that f(z) = zφj ,
so that

f ′(z) = z(φj)′ + φj .

Using relations (2.4) and (2.5) we get

(σ + γ − 1)
f(z)
z

+ f ′(z) = (σ + γ)φ3
σ−1,γ ,

and

γ
f(z)
z

+ f ′(z) = (γ + 1)φ4
σ−1,γ .

Hence by Theorem 3 we have the inequalities. �

Lastly, using Theorem 4, it is easy to prove

Theorem 3.9. Bjσ,γ(β) is a convex family of analytic and univalent functions.

Acknowledgements. The author is indebted to the referee for his helpful com-
ments and suggestions.

References

[1] Babalola, K. O. and Opoola, T. O., Iterated integral transforms of Caratheodory functions

and their applications to analytic and univalent functions, Tamkang J. Math., 37 (4) (Winter

2006), 355–366.

[2] Babalola, K. O., Bounds on the coefficients of certain analytic and univalent functions, Math-

ematica (Cluj) Tome 50 (73), No. 2, (2008), 138–148.

[3] Babalola, K. O., New subclasses of analytic and univalent function involving certain convolu-

tion operators, Mathematica (Cluj), Tome 51 (74) (2) (December, 2009), 111–118.

[4] Babalola, K. O., Convex null sequence technique for analytic and univalent mappings of the

unit disk, Tamkang J. Math., 40 (2) (Summer 2009), 201–209.

[5] Bernardi, S. D. Convex and starlike functions, Trans. Amer. Math. Soc. 135 (1969), 429–446.

[6] Fejer, L., Uber die positivat von summen, die nach trigonometrischen oder Legendreschen funk-

tion fortschreiten I, Acta Szeged 2 (1925), 75–86(German).

[7] Flett, T. M., The dual of an inequality of Hardy and Littlewood and some related inequalities,

J. Math. Anal. Appl. 38, (1972), 746–765.

[8] Gao, C. Y., Yuan, S. and Srivastava, H. M., Some functional inequalities and inclusion rela-

tionships associated with certain families of integral operators, Computer and Math. with. Appl.

49, (2005), 1787–1795.

[9] Goodman, A. W., Univalent Functions, Vols. I & II, Marina Pub. Co., Tampa, Florida, 1993.

[10] Jung, I. B., Kim, Y. C. and Srivastava, H. M., The Hardy space of analytic functions associ-

ated with certain one-parameter families of integral operators, J. Math. Anal. Appl. 176, (1993),

138–147.

[11] Kim, Y. C., Lee, S. H. and Srivastava, H. M., Some properties of convolution operators in

the class Pα(β), J. Math. Anal. Appl. 187, (1994), 498–512.

[12] Li, J. L. and Srivastava, H. M., Starlikeness of functions in the range of a class of integral

operators, Integral Transform. Spec. Funct. 15, (2004), 129–136.



264 K. O. BABALOLA

[13] Libera, R. J., Some classes of regular univalent functions, Proc. Amer. Math. Soc. 16 (1965),

755–758.

[14] Macgregor, T. H., Functions whose derivatives have positive real part, Trans. Amer. Math.

Soc. 104 (1962), 532–537.

Received 19 October 2011

Department of Mathematics, University of Ilorin, Ilorin, Nigeria.

E-mail address: kobabalola@gmail.com


