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TWO RADII FOR CERTAIN BAZILEVIČ MAPS

M. SIDIQ1 AND K. O. BABALOLA2

Abstract. The goal of this paper is the determination of the radii of two disks: (i)

in which the solution of certain integral equation involving a function f ∈ Bλn(β) is in
Bλn(β) and (ii) for which each function f ∈ Bλn(β) is σ-n-spiral univalent.

1. Introduction

In this work we denote by A the class of functions of the form f(z) = z + a2z
2 + · · ·

which are regular in the unit disk E = {z : |z| < 1}. Also let P be the class of functions
p(z) = 1 + c1z + · · · , which are regular in E and have positive real part.

Bazilevič [4] proved that functions in E defined by the integral

f(z) =

{
α

1 + β2

∫ z

0

[p(t)− iξ]t−
(

1+ iαξ

1+ξ2

)
g(t)

(
α

1+ξ2

)
dt

} 1+iξ
α

(1)

where p ∈ P and g(z) = z + b2z
2 + · · · is starlike, are univalent. The parameters α > 0 and

ξ are real and all powers mean principal determinations only. The family of functions (1),
known as Bazilevič maps, is denoted in this paper by B(α, ξ, g).

In [1] Babalola elaborated a new method for the study of Bazilevič maps as a whole. He
defined a new class B(λ, g) of functions satisfying

z
(
f(z)λ

)′
ηziµgη(z)

∈ Pλ. (2)

where λ = η + iµ with η > 0 and µ being real numbers, and Pλ consists of functions
h(z) = p(z) + iµη = 1 + iµη + c1z + · · · , p ∈ P . The class B(α, ξ, g) of Bazilevič maps is

the special case λ = α/(1 + iξ) of B(λ, g). Using the Salagean derivative Dn defined as
Dnf(z) = D(Dn−1f(z)) = z(Dn−1f(z))′ with D0f(z) = f(z) (see [8]), in aforementioned
paper, Babalola considered a more general class, Bn(λ, g) consisting in all functions f which
satisfy

Dnf(z)λ

ηλn−1ziµg(z)η
∈ Pλ.

For 0 ≤ β < 1, in this paper are investigated two radius problems for the class Bλn(β)
which we define as follows:

Definition 1.1. A regular function f ∈ A is said to belong to the class Bλn(β) if and
only if

Dnf(z)λ

ηλn−1zλ
∈ Pλ(β)

2010 Mathematics Subject Classification. 30C45.
Key words and phrases. Radius problems, Bazilevic maps, Salagean derivative, analytic and univalent

functions.

135



136 M. SIDIQ AND K. O. BABALOLA

where Dn is a Salagean operator and all other parameters have their usual definitions, and
the class Pλ(β) is the class of regular functions of the form h(z) = 1 + iµη + (1− β)c1z+ · · ·
in E with Re h(z) > β.

The purpose of this paper is to determine the radii of two disks: (i) in which the solution of
certain integral equation involving f ∈ Bλn(β) is in Bλn(β) and (ii) for which each f ∈ Bλn(β)
is σ-n-spiral univalent. Obviously, the class Bλn(β) generalizes many other known classes.
Hence by specifying its underlying parameters, our results agree with many existing ones
and added many more to the study of univalent functions.

The paper is organized as follows: in Section 2, relevant lemmas are stated, and proved
where necessary. The main results are stated and proved in Section 3.

2. Preliminary Lemmas

Lemma 2.1. [5] Let w = b1z + b2z
2 + · · · be a unit-bound function, then

|w′(z)| ≤ 1− |w(z)|2

1− |z|2

strict inequality holds, unless w(z) = eiσz, for some real number σ.

Lemma 2.2. [9] Let p ∈ P . Then

|zp′(z)| ≤ 2r

1− r2
Re p(z).

Corollary 2.3. Let p ∈ P . Then for any complex number λ,

Re
zp′(z)

λ
≥ −2r

|λ|(1− r2)
Re p(z).

Lemma 2.4. [2] For any complex number λ, if either of Dn+1fλ(z)/Dnfλ(z) or Dn+1f(z)/Dnf(z)
takes a value independent of n, then

Dn+1fλ(z)

Dnfλ(z)
= λ

Dn+1f(z)

Dnf(z)
.

Lemma 2.5. Let h ∈ Pλ(β). Then∣∣∣∣zh′(z)h(z)

∣∣∣∣ ≤ 2(1− β)r

1− r2
.

Proof. The proof follows as in Lemmas 2.1 and 2.2 in [1], noting that h ∈ Pλ(β) can be
written as

h(z) = β + (1− β)p(z) +
iµ

η

for some p ∈ P . �

Corollary 2.6. Let h ∈ Pλ(β). Then

Re
zh′(z)

h(z)
≥ −2(1− β)r

1− r2
.
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3. Main Result

Our main results are the following:

Theorem 3.1. Let f ∈ Bλn(β). Then the solution of the integral equation

fλ(z) =
λ+ c

zc

∫ z

0

tc−1Fλ(t)dt (3),

given by

F (z) =

(
(zcfλ(z))′

(λ+ c)zc−1

) 1
λ

(4),

is in Bλn(β) provided |z| < r0(λ, c), where r0(λ, c) is defined as

r0(λ, c) =

√
1 + |λ+ c|2 − 1

|λ+ c|
.

The radius is the largest possible.

Proof. From (4) we have

(λ+ c)Fλ(z) = z(fλ(z))′ + cfλ(z)

so that

(λ+ c)
DnFλ(z)

ηλn−1zλ
= c

Dnfλ(z)

ηλn−1zλ
+
Dn+1fλ(z)

ηλn−1zλ
. (5)

Since f ∈ Bλn(β), then there exist p ∈ P such that

Dnfλ(z)

ηλn−1zλ
= β + (1− β)p(z) +

iµ

η
. (6)

Thus

Dn+1fλ(z) = ηλnzλ
[
β + (1− β)p(z) +

iµ

η

]
+ (1− β)ηλn−1zλ+1p′(z)

and
Dn+1fλ(z)

ηλn−1zλ
= λ

[
β + (1− β)p(z) +

iµ

η

]
+ (1− β)zp′(z). (7)

Substituting (6) and (7) in (5) and simplifying, we obtain

(λ+ c)
DnFλ(z)

ηλn−1zλ
= (λ+ c)

[
β + (1− β)p(z) +

iµ

η

]
+ (1− β)zp′(z)

which yields

DnFλ(z)

ηλn−1zλ
= β + (1− β)

[
p(z) +

zp′(z)

λ+ c

]
+
iµ

η

Therefore

Re
DnFλ(z)

ηλn−1zλ
= β + Re

(
(1− β)

[
p(z) +

zp′(z)

λ+ c

])
.

Applying Corollary 2.3, we have

Re
DnFλ(z)

ηλn−1zλ
− β ≥ (1− β)

(
1− 2r

|λ+ c|(1− r2)

)
Re p(z)

= (1− β)

(
|λ+ c|(1− r2)− 2r

|λ+ c|(1− r2)

)
Re p(z) > 0
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provided |z| = r < r0(λ, c), where r0(λ, c) is the smallest positive root of |λ + c|r2 + 2r −
|λ+ c| = 0. That is

|z| = r < r0(λ, c) =

√
1 + |λ+ c|2 − 1

|λ+ c|
.

Hence

Re
DnF (z)λ

ηλn−1zλ
> β

in the subdisk |z| < r0(λ, c). �

If ξ = 0 then λ = η = α, then Theorem 3.1 yields:

Corollary 3.2. Let f ∈ Bαn (β). Then the solution of the integral equation

fα(z) =
α+ c

zc

∫ z

0

tc−1Fα(t)dt,

given by

F (z) =

(
(zcfα(z))′

(α+ c)zc−1

) 1
α

,

is in Bαn (β) provided |z| < r0(α, c), where r0(α, c) is given by,

r0(α, c) =

√
1 + (α+ c)2 − 1

α+ c
.

The result is sharp.

Putting β = 0 and λ = α
1+iξ in Theorem 3.1, we obtain:

Corollary 3.3. Let f ∈ Bn(α, ξ). Then the solution of the integral equation

f
α

1+ξ2 (z) =
α+ c(1 + iξ)

(1 + iξ)zc

∫ z

0

tc−1F
α

1+iξ (t)dt,

given by

F (z) =

(
(1 + iξ)(zcf

α
1+iξ (z))′

[α+ c(1 + iξ)]zc−1

) 1+iξ
α

is in Bn(α, ξ), provided |z| < r0(α, ξ, c), where

r0(α, ξ, c) =

√
1 + ξ2(1 + c2) + (α+ c)2 −

√
1 + ξ2√

(α+ c)2 + ξ2c2
.

The result is sharp.

If ξ = 0 and n = 1 in Corollary 3.3, we have:

Corollary 3.4. Let f ∈ B(α). Then the solution of the integral equation

f(z)α =
α+ c

zc

∫ z

0

tc−1F (t)αdt

is given as

F (z) =

(
(zcf(z)α)′

(α+ c)zc−1

) 1
α

is in B(α), provided |z| < r0(α, c) where

r0(α, c) =

√
1 + (α+ c)2 − 1

α+ c
.

The result is sharp.



TWO RADII FOR CERTAIN BAZILEVIČ MAPS 139

The above corollary coincides with a result of Singh [9, Theorem 4’].

If c = 1 in Corollary 3.4, we obtain:

Corollary 3.5. Let f ∈ B(α). Then the solution of the integral equation

fα(z) =
α+ 1

zc

∫ z

0

Fα(t)dt

given as

F (z) =

(
(zfα(z))′

α+ 1

) 1
α

is in B(α), provided |z| < r0(α), where

r0(α) =

√
2 + 2α+ α2 − 1

α+ 1
.

The result is sharp.

This is the result of Bernardi [3, Theorem 4].

If α = 1 in Corollary 3.5 it yields

Corollary 3.6. Let f ∈ R. Then the solution of the integral equation

f(z) =
2

z

∫ z

0

F (t) dt

given as

F (z) =
(zf(z))′

2

is in R, provided |z| < 1
2 (
√

5− 1). The result is sharp.

This is the result of Livingston [6, Theorem 4].

Theorem 3.7. Let f ∈ Bλn(β). Then f is σ-n-spiral univalent in the disk |z| < r0(η, µ, β)
where r0(η, µ, β) is given by

r < r0(η, µ, β) =
1

η − β|λ|

(√
(1− β)2 + (η − β|λ|)2 − (1− β)

)
,

where |λ| =
√
η2 + µ2 and σ = tan−1 µ

η . The radius is the largest possible.

Proof. Since f ∈ Bλn(β), it implies that there exist h ∈ Pλ(β) such that

Dnfλ(z)

ηλn−1zλ
= h(z).

Then

Dn+1fλ(z) = ηλnzλh(z) + ηλn−1zλ+1h′(z),

hence
Dn+1fλ(z)

Dnf(z)λ
= λ+

zh′(z)

h(z)
. (8)

Applying Lemma 2.4, then (8) yields

λ
Dn+1f(z)

Dnf(z)
= λ+

zh′(z)

h(z)
.
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Taking σ = tan−1 µ
η we have now

Re eiσ
Dn+1f(z)

Dnf(z)
= Re

(
λ

|λ|
+
zh′(z)

|λ|h(z)

)
=

η

|λ|
+ Re

zh′(z)

|λ|h(z)
.

Using Corollary 2.6, we get

Re eiσ
Dn+1f(z)

Dnf(z)
≥ η

|λ|
− −2(1− β)r

(1− r2)|λ|

=
η(1− r2)− 2(1− β)r

(1− r2)|λ|
> β

provided

(η − β|λ|)r2 + 2(1− β)r − (η − β|λ|) < 0,

that is

r < r0(η, µ, β) =
1

η − β|λ|

(√
(1− β)2 + (η − β|λ|)2 − (1− β)

)
.

Thus f is σ-n-spiral univalent in the disk |z| < r0(η, µ, β), where r0(η, µ, β) is smallest
positive root of the equation (η − β|λ|)r2 + 2(1− β)r − (η − β|λ|) = 0. �

If β = 0 in Theorem 3.7, we have:

Corollary 3.8. Let f ∈ Bn(λ). Then f is σ-n-spiral univalent in the disk |z| < r0(η),
where r0(η) is given by

r0(η) =
1

η

(√
1 + η2 − 1

)
,

where σ = tan−1 µ
η .

This result agrees Theorem 3.7 of Babalola [2].

For β = 0, n = 1 and λ = α
1+iξ , we obtain:

Corollary 3.9. Let f ∈ B(α, ξ). Then f is σ-spiral univalent in the disk |z| < r0(α, ξ),
where r0(α, ξ) is given by

r0(α, ξ) =
1

α

(√
(1 + ξ2)2 + α2 − 1− ξ2

)
,

where σ = tan−1(−ξ).

If ξ = 0 in Corollary 3.9, we have:

Corollary 3.10. Let f ∈ B(α). Then f is 0-1-spiral (convex) univalent in the disk
|z| < r0(α), where r0(α) is given by

r0(α) =
1

α

(√
1 + α2 − 1

)
.

Putting α = 1 in Corollary 3.10, we get:

Corollary 3.11. Let f ∈ B(1). Then f is 0-1-spiral (convex) univalent in the disk

|z| <
√

2− 1.

This also agrees Corollary 3.5 of Babalola [1], which gave the radius of convexity of

functions of bounded turning as
√

2− 1 as earlier obtained by MacGregor [7].
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