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TWO RADII FOR CERTAIN BAZILEVIC MAPS

M. SIDIQ! AND K. O. BABALOLA?

ABSTRACT. The goal of this paper is the determination of the radii of two disks: (i)
in which the solution of certain integral equation involving a function f € Bfl‘(,B) is in
B\ (B) and (ii) for which each function f € B)(j) is o-n-spiral univalent.

1. INTRODUCTION

In this work we denote by A the class of functions of the form f(2) = z + ag2? + - --
which are regular in the unit disk £ = {z : |z| < 1}. Also let P be the class of functions
p(z) =1+ c1z+ -+, which are regular in E and have positive real part.

Bazilevié¢ [4] proved that functions in F defined by the integral
1+4i€
(e # . _ 1+ﬂ) (L) o
Z)=9 5 t—zt( 142 t)\1+e? ) dt 1
10 ={ 55 [ w0 - (1) )

where p € P and g(2) = z + byz? + - - - is starlike, are univalent. The parameters o > 0 and
¢ are real and all powers mean principal determinations only. The family of functions (1),
known as Bazilevi¢ maps, is denoted in this paper by B(«,¢&, g).

In [1] Babalola elaborated a new method for the study of Bazilevi¢ maps as a whole. He
defined a new class B(\, g) of functions satisfying

A I

M € Py (2)

g (z)
where A\ = 5 4 ipu with > 0 and p being real numbers, and P, consists of functions
hz) = p(z) + ik =1+l +c12+ -+, p € P. The class B(a, ¢, g) of Bazilevi¢ maps is
the special case A = a/(1 + i£) of B(\,g). Using the Salagean derivative D™ defined as
D"f(z) = D(D"1f(2)) = (D"t f(2)) with D°f(2) = f(2) (see [8]), in aforementioned
paper, Babalola considered a more general class, B, (), g) consisting in all functions f which
satisfy

D f(2)*
nAntzitg(z)n
For 0 < 8 < 1, in this paper are investigated two radius problems for the class B (/)
which we define as follows:

Definition 1.1. A regular function f € A is said to belong to the class B (3) if and
only if

D" ()

n)\n—lzx\

€ P\(B)
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where D™ is a Salagean operator and all other parameters have their usual definitions, and
the class P5(f) is the class of regular functions of the form h(z) =1+l + (1 - B)crz + -+
in E with Re h(z) > 8.

The purpose of this paper is to determine the radii of two disks: (i) in which the solution of
certain integral equation involving f € B;)(3) is in B () and (ii) for which each f € B)(3)
is o-n-spiral univalent. Obviously, the class B))(53) generalizes many other known classes.
Hence by specifying its underlying parameters, our results agree with many existing ones
and added many more to the study of univalent functions.

The paper is organized as follows: in Section 2, relevant lemmas are stated, and proved
where necessary. The main results are stated and proved in Section 3.

2. PRELIMINARY LEMMAS

Lemma 2.1. [5] Let w = byz + be2? + - -+ be a unit-bound function, then
1—|w(z)|?
!
P L W
() < T

strict inequality holds, unless w(z) = €'z, for some real number o.

Lemma 2.2. [9] Let p € P. Then

2r
29 ()] < = Ren(z).

1
Corollary 2.3. Let p € P. Then for any complex number X,

2p'(2) —2r

R >
DU PYIT)

Rep(z).

Lemma 2.4. [2] For any complex number \, if either of D" 1 fA(2) /D™ fA(2) or D" f(2)/D" f(2)
takes a value independent of n, then

D) D)
D) D)
Lemma 2.5. Let h € P\(B). Then

zh (2)

< 2(1 — ﬁ)r.

1—1r2

Proof. The proof follows as in Lemmas 2.1 and 2.2 in [1], noting that h € P\(8) can be
written as

hz) = B+ (1= A)p(e) +
for some p € P. O

Corollary 2.6. Let h € P\(3). Then

zh/(2) S —2(1 - ﬂ)r'

fe hiz) — 1—1r2
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3. MAIN RESuULT
Our main results are the following:

Theorem 3.1. Let f € B)(B). Then the solution of the integral equation

Aoy Ate zle)\ d
f(2) . /Ot (t)dt

z

given by
1
(°f(=) \*
F(z) = [ 2L 2V
(2) <()\ + )zt
is in B)(B) provided |z| < ro(), ¢), where 1o(\, c) is defined as

V1 71
ro(A,¢) = +IA+ ¢ '

A+ ¢

The radius s the largest possible.
Proof. From (4) we have
A+ OF(2) = 2(f2(2)) + cf(2)

so that R N R
DUz _ D) D)

()‘ + C) n)\nflz)\ - C’r))\"flz)‘ ,r])\nflz)\ :

Since f € B)(B), then there exist p € P such that
D" f(2) '
i = B+ (= B() +
Thus _
D) = a8+ (L B)pe) + | (- gt )
and N
Dn+1
2 = lp a2 0= s
Substituting (6) and (7) in (5) and simplifying, we obtain
D"F(z
= 1(3—(/\4—0){6—#(1— “} P(2)
n

which yields

DUFA(z) iz

e == o)+ 5+
Therefore R

D"F

Rew_l(zf B+ Re (( - 8) {p(z) + jp:C)D .

Applying Corollary 2.3, we have
D"FA(2)
UA”71 A

=200 (1= iy Rentd

A+c|(l—7r2) —2r
:(1—ﬂ)(| _:J|r(c|(1)r2) )Rep(z)>0

Re
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provided |z| = r < ro(A, ¢), where 79(), ¢) is the smallest positive root of |\ + c|[r? + 2r —

A+ ¢| =0. That is
VIi+HA+c2-1

A+ ¢

|z =r <ro(Ac) =
Hence (2
D"F(z
7])\”_12)‘ > ﬂ
in the subdisk |z| < 7o(A, ¢). O
If £ = 0 then A = n = «, then Theorem 3.1 yields:

Corollary 3.2. Let f € BX(3). Then the solution of the integral equation

o) = / T Ee (nt,

Re

a—+c

given by 1
o= (E22)"

is in B2(B) provided |z| < ro(a, ¢), where ro(e, c) is given by,

rold) = Vitla+aP-1

a—+c

The result is sharp.

Putting 8 =0 and A = %Z& in Theorem 3.1, we obtain:

Corollary 3.3. Let f € B,(«, ). Then the solution of the integral equation

() = AT [T e
IR = S e /ot FTE (t)dt,

given by
14i€

(i fTER) | °
F(z)= < [+ e(1 + i€)]ze—1 )

is in Bp(a, &), provided |z| < ro(a, &, ¢), where
V1 +E0+A) + (a+e)?— 1+
(a4 ¢)? + &3¢ '

To (Ol, fa C)

The result is sharp.
If ¢ =0 and n =1 in Corollary 3.3, we have:
Corollary 3.4. Let f € B(a). Then the solution of the integral equation

fle)r=2EE /O 1P dt
18 given as )
o= (£292)

is in B(a), provided |z| < ro(«,c) where

JIF@ror—1

o+ c

ro(a, c) =

The result is sharp.
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The above corollary coincides with a result of Singh [9, Theorem 4’].

If ¢ =1 in Corollary 3.4, we obtain:

Corollary 3.5. Let f € B(a). Then the solution of the integral equation

Fozy = 21 /0 Fot)dt

ZC
given as
(2f(2)' "
F(z) = (L2
0= (s
is in B(«), provided |z| < ro(a), where

V24+2a+a? -1
a+1 '

ro(a) =
The result is sharp.

This is the result of Bernardi [3, Theorem 4].
If @« =1 in Corollary 3.5 it yields

Corollary 3.6. Let f € R. Then the solution of the integral equation

given as

is in R, provided |z| < (/5 —1). The result is sharp.

This is the result of Livingston [6, Theorem 4].
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Theorem 3.7. Let f € B)(3). Then f is o-n-spiral univalent in the disk |z| < ro(n, , 3)

where ro(n, 1, B) is given by

1
= (VOA=-B2+(n-BN)2Z-1-
r < ro(n, 11, 5) pREY (\/( B)2+ (n = BIAN? — ( ﬁ)>,
where |\| = /1% + pu? and o = tan™! L. The radius is the largest possible.

Proof. Since f € B)(f), it implies that there exist h € Py(3) such that

DAz
AT h(z).
Then
D™ A (2) = nA 2 h(z) + AT AR (2),
hence
n+1 £ /
D) ()
D f(2)* h(z)
Applying Lemma 2.4, then (8) yields
DHLf(2) 2h (%)

Ao M G
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Taking o = tan~! % we have now

w0 D" f(2) A 2N (2)
Ree D f(2) —Re< + )

Using Corollary 2.6, we get
WD) 20
Drf(z) — Al (A =72)[Al
n(l—r?) —2(1 - B)r

=T aoep 7

Ree

provided
(n = BIADr? +2(1 = B)r — (n — BIA) <0,
that is

r <o) = e (V= AP+ (= IR = (1 ).

Thus f is o-n-spiral univalent in the disk |z| < ro(n, u, B), where ro(n, i, 8) is smallest
positive root of the equation (n — B|A|)r? +2(1 — B)r — (n — B|A|) = 0. O

If § =0 in Theorem 3.7, we have:
Corollary 3.8. Let f € B,()\). Then f is o-n-spiral univalent in the disk |z| < ro(n),

where ro(n) is given by
1
ro(n) = " (v1+?72 —1),

_IL"

where o = tan 0

This result agrees Theorem 3.7 of Babalola [2].

For 6=0,n=1and A\ = we obtain:

Corollary 3.9. Let f € B(«,&). Then f is o-spiral univalent in the disk |z| < ro(a, &),
where ro(a, £) is given by

ro(§) = — (VI+ &P +a?—1-¢),

Q|r

where o = tan~!(=¢).
If £ = 0 in Corollary 3.9, we have:
Corollary 3.10. Let f € B(«). Then f is 0-1-spiral (convex) univalent in the disk

|z| < ro(), where ro() is given by

ro(a)zé(\/lJronfl).

Putting o = 1 in Corollary 3.10, we get:
Corollary 3.11. Let f € B(1). Then f is 0-1-spiral (convex) univalent in the disk

2] < V2 -1

This also agrees Corollary 3.5 of Babalola [1], which gave the radius of convexity of
functions of bounded turning as v/2 — 1 as earlier obtained by MacGregor [7].
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