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1. INTRODUCTION
ln. 1938‘ Lanczos introduced tau method which provides an accurate approximate solution of linear
drffcrenual equations with polynomial coefficients (sec Lanczos(1956), Fox(1968) and Adeniyi(1991))-
Since then, variants of tau methods have been developed. The scope of application of this method was
|mproved upon by Ortiz(1969) when he proposcd a recursive generation of canonical p<)|ynomia|s. Two of
these variants are highlightcd below.

1.1 DIFFERENTIAL FORM OF ~+** METHOD

For the description of the differential form ol the tau method, we consider the boundary value problem

(BVP) in the m-th order linear DE:

Ly(x): = iP,(x)y(” (x)=flx),as$x< b (1.1a).
Ly(x,):= mzla,‘y"’(x,i) =a,, k=11)m (1.1b)
where: y,(X)= ia,x’, D< n<+ ®© (1.2)

of Y (x) whichis the exact solution ofpcrturbcd problem:

mas-|

m=1
Ly, () = 2R = [ ) T ) (1.39)
r=0 r=

m-1
Ly(x,): = 2 dudn (Fa) = %0 k=(@)m (1.3b)
r=0
for a< X< band where ¥, 5T = 1(1)m, are parameter (O be determined along with the a's in (1.3); T,(x) is

the r-th degree Chebyshev polynomia
fined below (see also Fox and Parker (1968), Adeniyi (1991)).

| valid in the interval [a, bl, and s is the number of over-determination

of equation (1.12) del

Definition 1.1 The number of over-determination s, T the DI (1.1a) is delined as:

= max{|N, — 11,0 <r<m) (1.5)

Definition 1.2 The prnblcm (1.1) s said to be overdetermined il's given by (1.6) is greater than zero.

We determine a, 1" = l(l)n and T, r= (Hym, (rom the lincar nlg(-hrnir system

Ar =0,
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obtained |1) cquating (‘nrn‘\lmmlmg coellicients ol powers ol v rom (1. 3a) and then .||)])|)/ir|‘g condition.

tl: “));

A=(a). 1<ij<snimesil:h-= (/r')’ d<ionmamexal;

£ = (00Tt )

n ]

Consequently, we obtain from (1.2) our desired approxumant Y (x).

1.2

-2 THE INTEGRATED FORMULATION TO THE TAU METHOD
We still make use of BVP giveniin (1.1a) and (1.1b)

Let [[[.4 [gx)ax

I denote the indefinite integration i times applied to the function g(x) and let

1= |{[[m (L) (1.7)

The integrated form of

@)=Y P () = 1) (1.8
is then ”

Loy = [[[m [£)de+C(x) (1.9)

where ( m(.\') denotes an nrl)in'nry polynnminl of (l(‘grvv (m-1) m'ising from the constant of integration, The

tau approximant, ¥, (X) , thus satishics the perturbed problem.

L) = [ [rod+ ¢ o+H,, (0 (1.0a)
Ly(x, ) = EZady‘""(xﬂ) =a,.k=1@)m (1.0b)
mes—1|
where 1 (x)= Y 7, T (x) (1.1
r=0 3

The integrated tau problem (1.10) often gives a more accurate approximation than its corresponding
differential form (1.3) duc to its higher order perturbation term (1.11) (Fox (1968)).

2. ERROR ESTIMATION OF THETAU METHODS

2.1 ERROR ESTIMATION FOR THE DIFFERENTIAL FORM
If we define

e,(x¥) = »(x) =y, (x) (2.1)
then it satisfies the problem

Le,(x)=~-H, (x), Le (x,)=0 (2.2)
where

m4s-1

l{n(\) = Z rm+\’—r7:l"m%r&l('\') & ) 2 0 (’2. ”
r=0

A p()l)‘tl()lﬂiﬂl estimate ((.’"(.\'))MI ol dx‘grvv n+1 lor ('”(_\‘) IS given as:

1, ()7 X
(L,"('\.))”H — ‘/’Hll m(‘) "n mtl( ) 12_4]

o) 2n=m)+l

The role of ,um(.\‘) is to ensure that (L’” (.\‘))Mi satisfies some or all the homogenous conditions ol e,(x).

Now, let us consider the [)crlul‘hv(l crror 1'(|u.ni(m

Le,(x)),,, =—H,(x)+H,,(x) , Mz2n+l (2.5)

where
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mace—|

’{_\f (".) = 2 Tmo\—rTn'-mn "(-\-) (2 (
: .. .0)

r0
The necessary m+s—1 equations to determi T
D, : Ptermine
T el and (l’” are given by equating

CorrcSpundin}l cocflicients of L it .
yreey in (2.6). A forward climination  process is used.

qubstituting the expression obtained for (O "
: L E 1 } . .
L, o (1L1S) gives (e, (x )),M in the terms ol known quantities.

We then obtain for large n, the estimate

_maxlie (X0 = ]
= gl?;\n‘(‘"('\»"*li = et 2.7)
for

|(e,)| =max le, (x)| 2.9)

0sxs1

2.2 . ERROR ESTIMATE OF THE INTEGRATED FORM
The mtcrpretcd error cquation is considered here with the aim of improving the

(2.7). The error polynomial €, (%) given by (2.4) satisfies the perturbed problem.

accuracy of the estimate

h@mhfﬂhkiumﬂwxmmumnﬁfﬁwﬁmJnﬂw

By equating corrcsponding coeflicients of like powers of X in (2.9), as deseribed in section 2.1, will give

the error estimate €,.
3. SYSTEMS OF FIRST ORDER DIFFERENTIAL EQUATIONS

We consider here the differential and intcgral forms of the tau method for the class o

constant-coefficient homogeneous differential system.

fnon-(wcr(lclcrminud

AY =0; (3.1a)
where
o 1 0 0 0 )
0 o 1 O 0
o 0 O 1 0 0o O
A =
_..ao —31—82 ....—am_z —am_1
and
(3.1b).

Y= Yoo y)Y(O)=a= (g @ypoeres Ot

we remark here that (3.1) is equivalent to an m-th order. Without loss ofgcncra'lity we shall assume that a

=0 and b =1, since by the transformation
u=(x-a)l(b-a),asx <b,

we may readily transform (3.1) into the interval [0, 1].

3.1 TAU APPROXIMANT BY THE DIFFERENTIAL FORM
The perturbed formof (3.1)

v, = AV, +1T,(¥)

(3.2)

where
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Y = ( vV y . !
M T Von)
is : . :
s the approximate solution to be obtained, A is the matrix ol coeflicients carlier defined by (3.2) above i
o
the vector

- !
¢ _(rlurw ..... l—m) .

P

I'his is (‘qul\'.\lcnl Lo matrix cquation:

" \
n ) n Y el
z:brx ! Zb,x’ C1 rZ—l)

i (001 0 o . . .0} N—.

2.Cx"™" 1o 01 0. . .0 |XcCx 2 CMx
Al 10 + Q2 r=0 (3.3)

dx'! = - r z n) . r
2t 2o T || 2 C

r=0
L—ao, 8y =85y wivaes -a,._,

\ \

We equate corresponding coeflicients of X in (3.3) to obtain a system ol lincar cquations that is solved to

get the values of the constants a, r=0(1)n.

3.2 ERROR ESTIMATION FOR DIFFERENTIAL FORM

Here we illustrate the error estimation for the dilferential form for the three problems considered in this

paper.

Example 3.2.1
We first consider here the system:

4, o |[»]1 o1 [»®] [2]
0 4 1 0 v =lol; |v)|=]2 ®
&
d
. "Ll o] Lwo] Lo

The error approximants (el",, (x))m , (e;_,, (JC)),l+| ) (6;_" (,\’))"+I satisly
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ON I}‘l. \‘.‘\l‘l \\ N \'I -
N VI If \Il,h‘.

(e:_n('\.))ml _((’.‘.n('\.))ml =n K |(-\') rl (\)
(€0 (Nt = (€0 (N, =12 T (1) =137, ()
TG e (if)

(ea'n(x))"ﬂ _3(83'"(.‘))"” + 3(02‘" (".))ml - (cl n('\.)) =N T (Y) o '(t)
. ntl LTI by -

O, xT (x)
(c| n(x)) \ = \\n n (L (1)2 ( ) pr®
. nt n ’ n . - :
C: ) 2. ( ))nfl (,(,,) (L3 u( \))nll .‘"(j(ll’; (X)

: (Dln "
D e
(i)

(o)
3 2n n) _nt
(el,n('x))m»l C(n) {C( % ] +C,, |\'" +}

v (0N
e. (x __an [o(m oy
( _v_n( ))nﬂ C(") \(("' X + + (—,':_lv\.l +“'}
n

RUTIpT
Putting (iii) in the system of equations (ii) we have

D,,
Dur (4 yc" + —— - g {C™ + ]

n n-1"

c
=1, {C::: g ClyT 4 } T, {C,(,")x" Fensin }
®
-Ef—;')'— n+)COx" + ———}— %%{C,‘,"’x"” + Cx" 4 }
-rz {C,’,’:l' wiy x4 } 7, {C,‘,"’x" R }
3P {C"” iy Clx" ..}— %j’(l'—;,'-;-{cf,"’x"” + O e }

@,
in (n) 1
e Al

n

_ - (n#) n+l J(n+) 1

=T, {C"H AT e +} T, {Cf,”’x" +}
d)l,n (n n+l l (D C(n) _ (1) C(n) C(MH) n+l - C(ml) o(n+l) n
—E"(;')"C X + "'(;,'— (n+ ) 1 2,n " n-1 rl n+l X +{T| n _rlcn }x +..
n
® (0 n Rk ”l nt +

e C(") ! + ""’ {(’,+l)d)l.lt('l(l - (DZ,IIC’I(J )l} X = 1"’(‘mll)' l + T"(’(ln o

T n

C(")
n n+ 1 n
_3C0D,, + c! ', '+-—m {(n+l)<D,_"C,(, ¥

Tzcv’(,ntl)}xn Ao
30,,C1+39,C0n - 30,,C0 K"

C("“)}x +..

(n+l)xn+l + {T C(nH) —1.'
clation (/\dcmyl (1:

&= TJ Cn+1
We solve this system by forward elimination for &, 92 i 020 USINE established 1

(n+l)

1
e =22",C.h __ 1w 2= oot
" 2 ceh 2( )

to obtain
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]2 ll(z!r" tn+0.8)r +(n 0.5)r, 0.50m1 Deyl :

(I)‘ - I Gy !
20 43 #1504 0.25
O = =2° Ilﬂ.in s =D, - (0 f Nt
20+ 3 4 150 +0.25
)
_9n-l ) _ 2
®, = 2" (n+ )7, - (3n+2.5)r, -2+ D77y :
Jn

20 4307 +1.5n+0.25
Thos, & = max|(e,, (1), » & = max(ey, (), | and &= 12y (CHCE

]

. (2n" +n+0.3)7, +(n-0.5)7, ~0.5(n+ 1)1, ,
20 +3n? +1.5n+0.25
8 & 0.5z, +(2n* +n=)z, -+ 1)z |
2n* +3n7 +1.5n+0.25
o =D ~Gn+2.5)r, - 2n+ )z, .
20 +3n +1.5n+0.25

K]

Examplc 3.2.2
We shall be concerned here with the problem

_d__1 o o ollY 0) (y(0) 0
dx
0 1_1 0 0]|u 0 |u(0) 0
dx o . _
p ;
0 0 -1 o0flv]| [o][v)]| |32
ax
d
s 0 10 —Jlw) (o) w@) (o

Following the same procedure as in problem 3.1, we arrive at

(8(n+1)}(16n" +64n’ +144n+56)r, + 4(n+1)(16n" +64n’ +136n" +144n + 56)r,

. - +(32n* +128n° +192n° +128n+32)1, +16(n+1)’7,]
v 8(n+ 1)’ (161" +64n’ +136n° + 1440 +65)

[72(n+1)*1, +4(n+1)(16n" +64n’ +136n" +144n + 56)r,
_ —(32n +1287° +192n° +128n+32)r, +16(n +1)'7, |

& 4(n+ 1)} (160" +64n° +136n* +14dn+65) ’

_[72n+1) 1, +36(n + Dr, - (320 #1280 #1920 +1280+32)r, + 16(n+)'r, |
T An+ 1) (160" + 64" +1360° + 1440 +65) '
e = [72(n+ n? 7, +36(n+r, —(40n° +80n +49)r, +16(n+ l)"r,l

: (160" +64n" + 1360° + 144n +65) ‘

Example 3.2.3

The last of the problems to be considered is
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()\. l‘l\.\ {l.\l\ . ( ' . LY \ H -\\\'”
Ill ¥
b . \. IIJ B

d
L
= 0 tﬂ S
y -‘ 0-‘ y ((])-] (2]
{
0 LI
d\‘ 1 0 Vv =10 : \,(0) 1
W )
! IR e ] L0 e 10
dc )

S umployccl for the |)rcvi0us

e resulting esti . T _
The resulting estimates obtained for this pmhlvm by the same pro('vduru

examples, are:

_(4n® +Bn+hr, +(20 )1, + 15

£, = . y
and +10n*+ 7n +1.5
:, = —r, + (4n2 +6n + )1y + 2(n + 11,
an® +10n?+ 7n +1.5
o = -2(n + 1)r,+(2n+1)r2+4(n+1)2r3 |
an® +10n2+ 70 +1.5
3.3 TAU APPROXIMANT BY THE INTEGRAL FORM
From the perturbed equation

Y. =AY, + T, (%),
(M =11

[ 1, (ydu = [ A+ Tn
_ [ A du+ 2T

Y, @,
7:1+|(x) + Y_"(O),

_Y:.n(x) = [:A-)—/-"d" + "I'-"

(x). (M =D

I: Y (u)du = L\ AY,du = AP
j‘“_ J‘x AY du * el

.)_.’-n(“) 0 — b
[ ag.du +2Tea® * 2
0

we have

(x)
Y, (x) = i

This is written as
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[ ) s b N . _
[$ 4] Sl ] [a
- f; | ;_[.‘ o T, 0
. [0 I 0 0 0 . g = W e «,
R 0 0 1 0 0 —tx b
r=0 ’ o It ] T [n-I (l) x,
n —_ n ‘1 , | }
Zn’r.\" Z I\
r=0Q r o r4 l
-4y, —dy,—d,. . .—a._ -
= 0> 1 2 m-1 _| . Tm 1"+|(x) _amJ
The values of the unknowns b Coldi, i o . (r = 0(n) and the free tau parameters, 7T,,r = 0 (I)m, are

> B e el . a H - g 1 r s 1 ’
obtained from the initial values and by solving the system of cquations resulting from  cquating

Col‘rcsponding cocflicients of powersof x .

3.4. ERROR ESTIMATION OF THE INTEGRATED FORM )
From 1.7, we obtain the error estimate of the problems in the examples of sub-section 3.2 for the 1au

integrated form.

Example 3.4.1

We consider again the third order IVP

d i
40 0 0 -
dx y] [o] [y©] [2
0 i—l 0 v k= kO |, v (0) 2

dx
d w | 0] [w(0)] |10 ]
-1 3 —-=3
! de "

The error approximants (e,." (x)),m . ((32'" (x)),m . (GJ_" (x)) et Satisly

@D = (@, =71 T () —2T ()
&Nt ~ €W =2 T3 7, T' ()
(@00 =XE, (s +6, 0,0, (), =5, T, 92T (o
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(U\_n ('\. ))n | = _1 I.n A / " (\ ) (hl "N
2- 2n-1 N 5‘,, 1 l( »‘.‘ ' g ("i’:rll.\_ "y }
a1 O ¢ it o
l\ Ln (“ )(!rl = L l ( " Lol ( n‘l I' mol \
" N — l

' O,
-L ez.n (ll )dll = — 2.n

X (D (n) v (7
C (u)du = L C" LED Cl(lil) nl
A (n) X X # o
C, n+2 n+1

B ,I q)ln ~
[e! (= atofe e vt +)

n

Lr Cl(ll )dll _ (Dl nof o~ (n) nal (n)_ . n )
2 - C(") 1( n +(‘ "- |A +}
D"«n {~ (n) n+l
: ¥ +CYVix" +}

x C
LC (lf)ff?f"(,—wT1 i w1

I:e"ﬁ (), du — _Eel (), du= 7 {Cf,':'z" +CIP T, j:nz 0/
r=0

[ @ = [€l, @)ndu= (v Ce e om [ S
r=0 .

f elﬁ (u),, du +3 I; %_,,(u)nu du— _{: ell,n (), du+3 _[; &, () 1 du
_ { ™ 4 Cf:,m } -, J: iq.n)ur Ay
=0

2

nding the above system of equations and comparing, the cocflicients of various powers of X leads to

. (”n +n+0. S)r +(n 0.5)r, —0.5(n+Dry
! 1+ 3 +1.5n+0.25

Expa

. OSr +(2n +n-N7, —(n+l)r} _

? 2 4307 +1.5n+0.2 )

. (n+l)r +(?n+2 S)r; —7(n+|) T
’ 29 +3n +1.51+0.2

E.\':\mplc 3.4.2

We consider here again pro'hlcm



ML YISA and R B ADENIYI

1 e Tolly 0

00 o o |[] [0][r®

oy (|

0 4 _ 10 0 |lu 0 {wu(0) 0

dv . . =
o o Lo llu] lo]lvoy]| |32
dx
9 0 10 d
i 2 v ] [o]pr@] [0 ]

The error approximants (CL"(.\')) (L’z'n (x)),,4y and ((32_,,(x))n+l and satisly

n+l

@ (N = (€, (¥ = 7, Ty (0 =75 (1)

(elz.n (x))m _(cz.n (x))nH =1, Tn‘n (\) - TzTn.(x)

(€0 () = (€0, (W), = 7, T (¥) =7, (%)

(€4 w0 =10(ey , (¥)),00 + €€, (N = 7y Ty () = 7,7, (X)

Following the same procedure as in sector 3.2, we have

[-8(n+1)* (161" +641" +1361* +144n+ 56), — 4n+1)16n" + 641" +1361" +144n 56)r,
— (321" +128n° +1927° +128n+32)r, +16(n+1)’z, ]

E =
‘ 8(n+1)’(16n" +641" +1361* +144n+65)
[72(n+1)’r, - (32n* +1287°X16n* + 64n° +136n* +144n 56)r,
_ +(32n" +1287° + 1921 +128n+32)7, +16(n+1)’z,]
? 4(n+1)*(16n* +64r° +136n* +144n+65)
[72(;1+1)2 7, +36(n+1)1,— (32n* +1287" +192n* +128n +32)7, —16(n+1)* T,
&= -

2(n+1)(16n" +64n” +136n* +144n +65)
. 72(n+1)' 7, + 36(n+1)r, + 2(40n” +80n+49)r, —16(n+1)'r,
< 16" +64n° +1361* +144n +65

Example 34.3

We revisit here the problem

i 7
N
' vy [0] [r@] [2]
0 %—1 0 [lv |=|0]|, |v |=|1
d w] 0} [w(0)) [0]
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]l\L‘ crroF Z\Pl)l‘()\illh\l\ls (‘.l.n('\-))ntl . ((’2 n('\-)) vl and (l'x ( \)) 111 (.\'
. n AN g ™ st

((’:'”(.‘.))rnl - ((,:-"('\.)).,.1 =y 7r:ll(\) - T,T,:(.\‘)
(c:‘"(.\'))ml - ((’2_"(.\‘))“” =g, T i(x) =11, (%)

(a),, = (ea0),, (e, (), Hen), 10 (x) =50 ()

Vi

The results abramed tor this problem are:

\

- (_4”3 + O+ Hz‘] -4-(2”4 nr.‘ + T,

4+ 10 +7n+1.5

= i + 6n+2)r, +2(n+ 1)1,

4 +100 +Tn+ 1.5
. 2(n+ D, +(2n+ D, +4n+ 1),
) 7 +1007 +Tn+1.5
4. NUMERICAL EXPERIMENTS

The three systems ol initial value prnhlvms prcscnh-d below are used 10 cxperiment the entire discussions in

this paper. The numerical results obtained are prcscnl:‘d in Tables 4.1 - 4.4,

Problem 4.1

Consider the system

\‘—d———l 0 0 1

dx [_\- 1 [o v (0)] 2
d
0 = 1 0 v =101, v (0) =1|2 e
dx
3 w | |0 w (0) | 10

1
—
(8]

|
)

Problem 4.2
Consider the system



0 & 0
dx
o o 94
dx
9 0 10
Problem 4.3
Consider the system
[ d
e ] 0 0
dx
0 d— -1 0
dx
oo Ly
i dx

R YISAand ROBADE NIYL

0 u 0
v 0
0
(W | 0]
qa
dx |

[y ] 0] [y (@]

v =10 v (0)

R _OJ W (0)4
J

The analytic solutions of the three problems are shown below.

Table 4.1: Analytic Solutions of Problems 4.1 — 4.3

v 0 )
v (0) 0
v (0) 39
w (0) | 0
ro ]
= |1
i |

Problem 4.1

Problem 4.2

Problem 4.3

Y (x) = 2¢*(1+2x7)

Y (x) = 4Cos x — 4 Cos3x

Yx) = (2-x) ¢

V(x) = 2e"(1 + 4x + 2x%)

U(x) — 4Sinx + 128in3x
V(x) — 4Cosx + 36Cos3x

V(x)= (1 —x)e’

W (x) = 2¢* (5+8x + 2x%)

W (x) = 4Sinx — 108Sin3x

W(x) = - xc"
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Table 4.2: Frror and I°
rror | I: ~l|m ates for Problem 4.1

DilTerential Form

; .
- | rror Wvlvllitzls_u_m 1_lt s ‘ I rror
e H\ld______ L 468 ~ 101 BT
V,S.h(axl(l‘ L Saox 10 TAIE L
+86x10° [ s891x10" TR
.86 x 91 x 107 | 7.29x 10
9.39x 10" |44 x 1 "“f
) JEEERNCN luh\m
l.l}xlO‘, 1.58x 10”7 L1775 10°
17.%4,{ = . 2.08x 10" | 2.08 x m
255 10" [ 394 " 2 17 x 10! =
3.03x 10" $30x10" T 10"
| 3.54x " 6.72x 107"
6.13x 10" 9.74x 10"
v [7a8x10" 1.06x 10"
[ w [833x10" 1.59 x 10

Table

4.3: Error and Error Estimates for Problem 4.2

n=9

n=10

DifTerential Form
" Error |
Error Error Estimatces
Y 3.71x 10° 6.00x 10°
u 3.60x 10° 1.70 x 10°
\Y 3.34x 107 5.40x 107
W | 3.24x 10° 3.79x 107
Y 764x 10" 3.57x 107
u 3.02x 107 137x10°
—= | 7 -7
Vv 6.88 x 107 3.22x 10
; sl _
721 x10° 1.20x 10 )
Y 176 x 10° 3 14x 107
u 1.32x 10" 6.11x 10 B
%] T ¢ ) -
W 1.58x 10 2.83x 10
118 x 107 174 x 107
L : ‘———"—.”‘—_m"—’—ﬁ
Y 2,71 x 10"“ 1.06 x 10
=| U 39 x 107 5.95x 107
= /,____ :
v | 2.43x 10 9.56x 10™

4.93 X lO‘”
5.44 X

‘)5 x 10"
g.78 x 10"

Inh ,?mu d I()rm
l rror I Nl1ll|\ll s
'l !(‘l \ H)

L 1atx 107 "
2.47x10°

T359x10"
194 x 10
6.4k x 107
- T@Tﬁ x |0"
1. 7(, 10"
1.52x 10"

2.03x 10"

Intcgrated Form
Error ET Error Estimates

3.08x 10° 1.68 x 107

5.03x 10" 3.79x 10"

2.78 x 10° 151 x10°
$52x10° 1.06x10°

135x 107 9.00x 10"
091 x 107

l 21 X 1()

622 10°

1.60 x m 7.19 x 10"

277 % I Tﬁ'\_u—f'"—_
% 10° |6 37x10° o
249 x 107 398 x 107

“560x 10"
298 x 107
5.04x 107

EETIU
200x10" |

1.80 X T
7.99% 10"




5.

I'swo variants ol the tan method and thew cor l‘("‘l"”"l

ur'(lm.\r_\ dillerential cquations
order of the tau approximant is closely estimated, thu

B. M. YISA and R.B. ADENIYI

CONCLUSION

g crrar cstimates lor st l)l‘t'l‘l‘ 5)’5“‘”!.\ ol l\"l‘,\ i
have been In‘r.\vnlcd. l'or the two variants, numerical results showed tha thie
s, showing the ellectiveness of the method.
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