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Abstract

Many ex_perimemal designs, most especially industrial designs produce non-normal
response variables. The Least Squares method of modeling ma.y therefore not produce
efficient estimates. Models are built using B-technique and Box-Cox methods of data
transformation or by using the GLM to overcome the non-normality nature of the data. In this
paper, these techniques are comparcdfys_ing the histograms of the estimated mean responses
and by examining the length of the confidence interval about the meag responses.

It isr observed that, B-technique is the best method of data transformation but GLM provides
an excellent alternative if the experimental design points are not replicated.
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¥ Introduction

Design of experiment has come to play an important role in the application of Robu .
Parameter Design (RPD) methodology to achieve a process that is robust or insensitive
uncontrollable variables, RPI) was pioneered by Taguchi (1987) as a strategy for improving t
performance of a system, a process or a product. This approﬁ;:h is based on the premise that |
key to improve performance is by reducing variability. Thus experiments should be designed
search for ways of reducin-g variability (that is, selecting the appropriate setting that v;'ill red
variability).

Taguchi identified two main types of RPD applications, which he referred to as stal
characteristics and dynamic characteristics. Static characteristics refer to situations where t
signal factors are constant. A dyngmic characteristic is the situa.\ti_qx‘i where the relationst
between two quantities, the signal factors and response, are of interest (that is, signal fact
are varied in the experiment).

The ob]ecuve of Robust Parameter Design is to design a system or product in wt
its performance is insensitive to uncontrollable variables. This is done by systematic

investigating the relationship between the appropriate control factors and the uncontroll
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ambiguity .in classification of ‘.vaﬁfn’bles (factors) 'that affect variability or target, which
prevents a distinction between the ?acwrs affecting the variation and those affecting only the
mean response. A larye overlap iniclassification is as a result of vielation of the assumption
that the variance of th. treatmenr.v.?afilhin an experimental trial (cell) should not change with
mean level of the meusurement (constancy of error variance). In order to make trial variance
independent of the mean we need a suitable data transformation. Therefore if we can
establish the functional relationship:between the trial variance and the trial mean, this will
determine the type of transformation required for the data.

- ISuppose that' ") and’ ;ﬁ“'l&respechvely standard deviation'and mean'in the original

scale of the observatmns of Yin the"i"‘ trial and are connected by the relation
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Since the transformation T'is supposed to make the variance o constant, (=¢? say) and
oy = 1) we have: 4 i (R 4
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If we assume the ﬁmctjqnﬂ relationship
ov=diu) =c. wt o : £
and integrate the above.equation, we have |
q AP e
T(u)=
culog(p) if p=1

where ¢, is a constant.
| From the above equation, we need a transformation to the power of (1-f) if p =1 and log
lmns.lurmauon ifg=1. P ’
[’hns is equivalent to the one-parameler Box-Cox farmly of transformation with & = 1-f.

Orrig way to establish wﬂ"'ﬂﬁ’;id" =0 H isa reasogab&mamatm% togstimate B by the

least square method from the relationship between sample mean ¥ and s, given by

log(s,)=a + A Iog(j_-,_)+ r i=123.n

(n is the number of experimental trials).

The significance of p m tested' through the usual t-!mt The Ilmnatron of' B-techmque is

that it cannot deal with cadés that do not have rephcatc in each cell

0y
3. Generalized Linear Model (GLM) o
The Generalir-edﬂl: inear Model introduced b_\," Nélder and We&derburl'; (1972). is a

umtu.uuon of linear and non- hnedr regression models lhal allow~ the expennemer to select a
' respnnsc dntrlbutlon that is a member of a very nch and flexible Iam:ly, the Exponential

family. The Nnn'na} Bmomnal Potsson. Exponential. dema Inverse Normal .and Negative*®

Binomial dMnbunons are ajl members of the expn;emlal ﬁimnly Wlth lhe (xeneralllcd

Linear Mndel nurmaluy mﬂ éﬁn«:tant variance are no longer reqmred. in fact, in all

b—-w L RN e e o
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exponential family members except the normal distribution. the variance is a function of th
mean,
A Generalized Linear Model consists of three components:
I. The response distribution, which is 4 member of the  exponential tumily. Thi
' compoﬁejnt identities the desponse Y and’ it probability distribution | (usually
exponential family). It is assumed that ¥« ¥ are (conditionally) independent, and the

(conditional) distribution of ¥i belongs to a simple exponential fami Iy with (conditional)
expeclation, E(y, Ix, ): A,

2. A linear predictor. which is the lincar conibination of the design variables, including

mean effects. interaction and possibly polynomial terms for guantitative factors,

This component specifies the explanatory variables used in the model.
n=Xpg .

i o Box

where x can be main effect, interaction or polynomial. B's are the unknown parameters to
be estimated through MLE, = '

3. Alink function that relates the natural mean for the specified exponential family member
o the lincar predieior, . ¢ o A
This " component ' describes ' ti¢ functional relationship between the systematic
components of n and mean jt of the random component.

4. Confidence Inicrvals

The confidence intervals shal] }be used 1o measure }t})c predictive performanee of the
fitted model. The cun.fidencc interval df the mean response for each of the experimental run
and its associated length or precisior;. provides the experimenter with critical information
about the uncertainty associated with the estimation of the mean response. This will indicate
the most appropriate model and hgla'ce [lhe best method of 'sglAecting ;hé important 'variables or

¥

covariates.

The statistical inference for Geferalized Linear Model is usually based on asymptotic
b ke oAl i Halgii £ At gBi T i
theory. The overall %odel sngniﬁcance 15 evaluated Jth an analysis of deviance. This
. ) iyt O MBI il :
reduces 1o the familiar analysis of variance when the response distribution is normal,
o o LT B 2
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which are t-like ratio of parameter estimates to standard crrors that have an asymptotic
normal distribution. Wald inference can be used to obtain confidence intervals on the model

parameters (Fears et al, 1996 and Hanck and Donner, 1997.

8 Examples ]

The first example is data on the printing study of Vlmng and Myers (1990) (adapted
from Box and Draper (1987, p.247)). The expenment was comhcw&i? mvest:gate the effect
of Speed (A). Pressure (B), and Distance (C) on a prmtmg machme s ability 10 apply
coloured ink to package labels (Y)

A three level factorial design on the control vanables w1th three runs at each design
point was used to fit the responses. The data is shown in Table L

Table 1. The Printing Study Data.

A B € ¥1 Y2 3 ¥ s
{jf Al Bi Cl 34 10 28 24,00 1249
2. A2 Bl Cl 115 116 130 120.33 8.39
3 A3 B1 Cl 192 186 263 213.67 42.83
4. Al B2 Cl 82 88 ) 86.00 346
5. A2 B2 Cl 44 178 188 136.67 8041
6. A3 B2 Cl 2 350 350 34067 16.17
T Al B3 C1 141 110 86 112.33 21.57
£ oW ar e T s 2w sk onida
9 A3 s B3 .Gl 290 280 245 271.67 23.63
10 Al Bl c2 81 81 8! £1.00 0.00
11 A2 Bl c2 90 122 93 101.67 17.67
12 A3 B1 c2 319 376 376 357.00 3291
13 Al B2 c2 180 180 154° 17133 15.01
14 A2 B2 C2 372 372 n 372.00 0.00
15 Al B2 Cc2 54| 568 396 501.67 92.50
16 Al B3 Cc2 288 192 312 264.00 63.49
¥ A2 B3 €2 432 336 513 427.00 88.61
13 A3 B3 Cc2 713 725 754 730.67 21.08
19 Al Bl c3 364 99 199 220.67 133.82
20 A2 Bl C3 232 271 266 239.67 23.46
21 A3 Bl C3 408 415 443 422.00 18.52
22 Al B2 C3 182 233 182 199.00 29.45
23 A2 B2 €3 507 515 434 485.33 44.64
24 A3 B2 Cc3 846 535 640 673.67 158.21
o Al B3 €3 236 126 168 176.67 55.51
26 A2 B3 C3 660 440 403 501.00 138.94
27 A3 B3 c3 878 99] 1161 1010.00 142.45

From the table. the estimates of the mean (') and standard deviation (s) are obtained. The

-

regression line of In(s) on In( 7 ) is obtained i.e.
The fitted model is
In(s) = —-0.425 + 0.767 In( )

i

s
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’l%le test statistic t =2.54 shows that the B is significantly different from zero, hence there is
need for transformation with = 0.767

For B-technique
el ey
For Box-Cox
¥+ o r®E -1
Yo i = LT where A = 1-f

The third approach is to fit a model using Generalized Linear Model, with Gamma as the
response distribution and log link function. The histogram of the original data in Fig. 1 shows
an exponential distribution. This suggests the use of Gamma distribution in the Generalized
Linear Model. '

After the data transformation, using both B-technique and Box-Cox methods, the model
is fitted for each case. The estimates of the mean responses are obtained from the fitted model
using the original data, f-technique, Box-Cox and the GLM. The results are shown in Table
o

Fig. 1 Histogram of the Original Data Fig. 2 Histogram of Transformed
Data Using p-Technique
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Fig.3 Histogram of Transformed Data Fig. 4 Histogram of GLM Data
Using Box-Cox Method

The graph in Fig. 2 shows the histogram of the mean resp;nses of h-;mformcd data using f-
technique. while Fig. 3 shows the histogram of the mean responses when Box-Cox method i is
used to transform the data. Fig. 4 is the histogram of the mean responses when GLM is used
to fit the model.

Fig. 1 shows a total departure from normal distribution hence the reason for
transformation. Fig. 2 and Fig. 3 (histograms of B-tecbmque and Box-Cox) give an
approximate normal distribution curve while Fig. 4 (bll@gram of GLM) is better than
untransformed data but nm as good as those of B-techqique and Box~C0x The 95%
confidence intervals (Table 2) of the estimated means alsb‘ﬁmwde good aip]annuon as to
which of the methods of transformation is better. The mimlted mean. resp(mses for all the
three methods are approximiately the same; particularly, B-téehnique and Box-Cox methods
have the sarfie mean responses,

Table 2 shows that the 95% confidence intervals of all the three methods contain the
true means of the response variables. The length of the 95% confidence interval of each
method is compered with that of the untransformed data. A shorter length is preferred to
longer one. Both B-technique and Box-Cox methods behave in a similar manner. The
canfidence lengths of both methods are shorter than that of untransformed data on 15
different occasions while that of GLM method is shorter on 11 occasions. This shows that B-
technique and Box-Cox methods have higher precision in estimating the mean responses,

A

15

ki e 5 i
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Table 2. The mean responses and confidence intervals (length)
% 2
B-

TRUE® UNTRANSFORMED DATA TECHNIQUE BOX-COX GLM

MEAN MEAN LCL UCL LEN. MEAN LCL UCL LEN. MEAN LCL UCL LEN. MEAN LCL UCL LE
2400 97.03 -9466288.7338339 4124 131010213 °89.03 4124 1310 10213 *89.03 3972 1443 B118 6
12033 9435 97.35286.04 38339 9118 358518657 "160.72 9118 3585 196.57 *160.72 9350 4579 19128 *14
213.67 166.60 -25.1135828 38339 191.60 83.43360.26 "260.84 19156 8843 36926 "28084 19226 ©407 39204 °20
86.00 77.22-11450268.92383.38  73.05 zr.m_t_tsm *136.17 7305 2719 16337 "13617 7381 3611 15088 11
136.67 20840 167440013 383.30 19060 67.91367.71 "279.80 19064 87.91 36771 27980 197.71 9673 404.08 “30
340,67 277.70 8507 469.36 383,39 290.30144.!2-?9.11 36449 20027 14462 52011 38449 297.80 14571 60B.64 46
11233 48.06-142.60230.77 36339  87.00 33.82188.99 *155.17 8700 3382 18890 *15517 Q118 4461 18836 *14
256.33 21050 18.82402.21383.38 239,60 115.38 447.96 *33256 23964 11538 447.06 *33258 25044 12253 51184 38
271.67 381.70 19010 57344 383.30 35500 183,00 630.86 44786 15501 18300 63086 447.06 36483 17651 74565 56
81.00 9508 -96.62286.77 38330 6308 31.94 181.84 *149.50 8308 31.94 18184 *149.90 8121 3975 16598 "12
101.67 123.50 -68.18 3152138339 12130 509325001 19908 121 31 50.93 250.01 "199.08 12236 5987 25000 *19
357.00 321.10 129.40512.77 383.39 307 50 154.71 656.31 40161 30746 15471 55631 40161 30465 14908 62266 47
171:33 17530 -16.44 366,95 383.39 18230 83.35353.01 "270.66 15234 6335 35391 *27056 18299 89.53 37400 28
372.00 337.60 145.90529.29 383.39 314.70 158.95567.66 408.71 31465 158.95 567.66 40871 31343 15336 64060 48
501.67 532.20 340.50 722.84 383.39 56050 310.08 943.50 633.51 58046 31008 94359 63351 57220 279.97 116946 88
26400 246.00 54.30437.69 383,30 246.20 119.11 458,53 "33942 246,18 119.11 45853 *33942 247.68 12114 50601 38
427.00 439.60 247.90631.25 383.39 443.10236.62 76649 529.87 44308 23662 76649 52987 43482 21275 88868 67
730.67 736.10 544 40 927.81 38339 7531043426 12275 79322 75305 434.26 122747 79322 767.72 37563 1569.08 119
22067 13360 -58.14 3252538339 15140 ©6.64 301.81 *235.16 15138 6664 30181 *23516 157.89 7725 32269 24
230,67 243.80 520843547 383.39 26140 127.87 483.08 "355.21 26144 127.87 48308 "35521 27126 13272 55441 42
42200 505.00 313,30 696.70 383.39  533.90 293.28903.82 81052 53388 20328 00382 61053 58837 287.88 120252 94
199.00 203.90 12.16 3055538338 21510 101.50 4g7'90 *306.48 21508 101.50 407.99 *306.48 22145 10835 452.60 34
48533 448.00 256.30 639.66 383.39  440.30 234,92 7 230 527.38 44032 23492 76230 527.38 43252 21162 88398 67
673.67 706.20 514.50 897,60 383,39 699.70 399.50/1149.6 75008 699.74 2399.50 1149.59 75008 687.87 33656 1405.87 108 '
176.67 258.90 67.2345062 383.39 237.80 114.32 44495 *330062 237.78 114.32 444,95 "33062 25157 12308 51417 39
501.00 534.30 3428072596 383,39  516.20 282,14 BT7.21 59507 61617 28214 BI7.2 59507 50381 24650 102968 78
1010.0 894.50, 702.80 1086.2 3§3.39 802.90 486.97 1299.9 83289 B02.86 466.97 129986 83289 77493 37916 1583.81 120

- * Shows the length values that are less than 383.39 (the confidence length of the untransformed data).
.

e secoﬁd.%xample is from a 2* factorial experiment on four control variables with
three runs at each experimental"ﬁoim. The designs as well as the responses are shown in
Table 3. i

The estimates of the mean (¥ ) and standard deviation(s) at each run are obtained and

these are used in finding the regression of Ins) on In( 7 ) i.e.
In(s) = @ + A1n(F)

The fitted model is §
- Infs) = ~0.7028 +1.001 In(§')
The test statistic t = 553.36 shows that P is significant, hence there is need for log-

transformation since p=1.

16
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Table 3. Data from a 2 Factorial Experiment.

A B e D ¥Yi ¥ ¥i \' s
. Al - BY.€1 Bk 2155 24220 36265 24274 12056
2 A2 Bl €l DI 15998 318.47 47689 31845 15816
3 Al - B2 Cl DI 13259 26470 ;39653 26461 131.97
4. A2+ .-B2. .Cl Bf . 1pas 3303 81505 34373 17141
s Al.. Bl €2 DI 14670 293.213439.28 293.06 14629
6. R o I T 164.40 327.523491.23 132772 163.42
7. . Rl B2 €3 OF SO 29167 13540 °
s mi.om ¢ BT Ag- 3o 1A v
o Al Bl "Gl D2 17007 339.67,50906 33960 16950

10 A2 Bl Cl D2 19275 384.58° 57652 38461 T191.88
11 v S el D2 14556 290.94 43534 29056 144.89 :
12 A2 UB2 TC1 PR 19022 37882%567.70° 37TE91TCUEETY o oo
13 Al Bl C2 D2 445303 306.40:458.47 30599 15267 - .
14 A2 Bl C2 D2 '~¥8584 37089 55579 370.84 184,98
15 Al B2 C2 D2 15926 31822 47630 31792 15852 .
16 A2 B2 C2 D2 18968 378B.05. 56658 378.10 188.45

Though, all the three app}oachéé (original data, log-transformation and GLM' methods)
produced almost the same mean responses. log-transformation and GL.M method'z are very
close (Table 4). The 95% confidence intervals of all the methods contain the truc means of
the response variable. The confidence length shows: that both the log-transformation and
GLM performed better than the untransformed data in terms ‘of level of precision in
esﬁmnﬂifg the mean responses becau&e of their shorﬂ length of confidence intervals.

Flg. 5 shows the h:stogram of mean responses f the original data, while Fig. 6 shows
the histogram of medin responses of the trans . The histogram ofithe transformed
data gives an approximate normal distributién-curv&han the untransformed data. GLM and
Log-transformed prodnjée‘d the same histogram. & :

n
Fig. 5. Histogram of the Original Data Fighﬁ. Histogram of Log Transformed Data
‘ i Ao : At &
i i
ll s > i i A
!1 ) f i i il ¥ ::T
ji S j‘ 2 JT ST
g ‘ - : ;
1 = ! :
.L el L e ¥ PR
2w ;'r-" o 9w ; T -lr’;, 1 Tl -,
%}‘l- 3 il
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UNTRANSFORMED LOG-TRANSFORMED GLM METHOD

TRUE " DATA DATA

MEAN  MEAN ILCL  UCL LENGTH MEAN LCL' UCL LENGTH MEAN  LCL UCL LENGTH
#4218 2380 ‘1sdn4 84 18170 28518 23360° 30002 6723 24400 21518 27675 61,56
1B45 GBI 876  4074s 170 31775 2600136057  80.56 31800 ‘27865 35638 6624
461 26276 17191 3361 (G170 26403 23267 20981 6894 26280 20154 20778 67.30
34373 M550 25473 43643 18170 34448 30357 39091 87 640 30646 39281 7337
0306 29122 20037 38207 18170 20242 25760 383 7444 29080 28644 32981 8332
32772 32966 23871 42041 18170 32043 28942 37289 €327 33030 29123 7455 7415
201,67 29351 20266 384.38 1.1;0 202.31 25750 3IN.70 74.11 29390 25018 33333 77.79
310.73 30888 218.03 309.73 18170 310,05 273.23 35184 7861 30840 271980 24969 77.79
33961 33775 24690 42880 18170  338.86 20862 38453 8591 337.00 207.45 38217 9501
3461 38646 209561 47731 18170 30545 33067 43740 9772 36760 34179 43957 9778
20061 28246 20161 38331 18170 29124 25665 33049 7384 - 29290 25825 33213  73.88
37891 37707 28622 467.92 18170 37800 3319 42004 9588  I7B00 33156 42642 04,86
30599 30784 21699 39060 18170 30866 27024 790 7775 30840 27193 M9TZ  77.60
370.83 36899 27814 45084 181.70 370,03 326.08 419.90 93.81 368.00 32449 417.32 8284
317.92 31608 22523 40693 18170  317.23 279.55 35098 8043 31550 27819 36770 7959
378.11 379.95 289.10  470.80 |§1.70 378.93 333.93 43000 96.07 38100 338.00 43212 96.13

6. Conclusion

Table 4. The mean responses and confidence intervals (length)

Oyeyemi

Iustrations have been made with examples that data transformation and Generalized
Linear Model will ofien produce a better model in terms of potential performance in response
estimation: and prediction than what one obtained by using data that are not normally
distributed.

Though B-technique method of data transformation produced a better model than
Box-Cox method as well as Generalized Linear Model, the drawback it has is that the
experimental points have to be replicated in order to have estimates of the mean and standard
deviation. .

It is therefore recommended that if experimental design points with non-normal

. responses have replicates, then B-technique method of data transformation is to be regarded

as an appropriate method of data transformation. Where there are no replicates to estimate the

mean and standard deviation at each experimental point, then the Generalized Linear Model

is a powerful alternative to data transformation.
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