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ABSTRACT

Mult ip le compar isons of ten ar ises in  s tat is t ica l  analys is  and several  methods ex is t  for  adlust ing stat is t rca l
s igni f icance levels tak ing in to considerat ion the sample s ize and the power of  the test  ln  th is  paper Hote l l rng 's  T '7
method for  hancJl ing mul t ip l ic i ty  in  the p-var iate two sample cases is  d iscussed A general ized method is  der ived for
comput ing the exact  power for  the test .  Apart  f rom sample s izes,  the magni tude and the d i rec i ion of  corre lat ion
between the var iables a lso contr rbuted to the oower s ize of  the test
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1  INTRODUCTION

Situat ion ar ises when instead of  observ ing a
one response random var iable,  p-vector  (p>2) random
var iables are observed And suppose that  two
independent  random samples of  s izes nr  ?nd n2 are
observed.  then Xp is  sa id to be mul t ivar iate normal

X  , , -  N  , , ( 42 . : ;  The re fo re ,  g i ven  p -vana te

observat ions f rom two mul t ivar iate normal ly  d is t r ibuted
populat ions ^  wi th var iance-covar iance matr ix  I ,
Hote l l ing 's  T '  s tat is t ics may be used to test  the equal i ty
of  the vector  of  means associated wi th the mul t ivar iate
normal  d is t r rbut ion (Hote l l ing,  1949,  Norman,  1987)

Simul taneous conf idence interval  is  constructed
to deterrn ine which components of  mean vector  d i f fer
between the two populat ions i f  the nul l  hypothesis  is
re jected at  o- level  of  s igni f icance (Timm, 1985) The
r e j cc i i o r r  . . r t '  l t " t i i  i i ' y pJ i l  , c> i s  uepe t r c i s  un  r i t i r i t y  i acLo rs

among whrch are,  o ( level  of  s igni f icance of  the test ) ,  the
sample s izes n1 and n2,  the vector  of  mean d i f ferences
and the var iance-covar iance matr ix ,  I .  l t  fo l lows that  the
power or  rather  the probabi l i ty  of  re lect ing the nul l
hypothesis  when i t  is  fa lse,  depends on the factors l is ted
above.  This paper wi l l  examine the ef fect  of  varrance-
covar iance matr ix  and sample s izes requi red to at ta in a
Cesired power for a test.

2 METHODOLOGY

Let X1,  be a random p-vector  (p:2)  of  random
var iables f rom mul t ivar iate normal ,  that

is  - l ' , ,  ' '  N , , (1, . I )  .  Assuming rve have two populat ions,

and in test ing

ro :  L ! , :  t ! :
l-he test statistic.
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For  Ho te l l r ng ' s  T ' .  t o  have  an  F -d i s t r i bu t i on  t he
expression for  T '  rs  werghted by the factor
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where l): (.r, r ) ^s ' (.r, ,, ) is known as

Mahalanobis Distance.
To obta in the power.  le t  d denote the vector  of

mean d i f ferences between the two populat ions and S
the sample var iance-covar iance matr ix  based on the
ra i idoTn samples of  s izes n1 and n2 f rom the two p-
var iates normal ly  d is t r ibuted populat rons A d i rect
extension of  the univar iate pooled t - test  to  mul t ivar iate
space  (Ke l sy ,  e t  a l ,  1996 ,  K ramer ,  1972 )  g i ves  t he  exac l
power for  Hote l l rng 's  T '  test  as,
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where  I  7 , . , 7 , , 77  , '  1 i s  t he  100 (1 -o )  pe rcen t i l e  o f  t he  F -

d is t r ibut ion wi th p and (n,  *  n,  -p-1)  degrees of  f reedont
(Johnson and Wichern 1982) When p = '1  

,  we see that
the equat ion g ives the exact  power for  the univar iate
pooled t - test

3  EXAMPLE

Since both sample s izes and var iance-
covar iance matr ix  wi l l  to  cer ta in af fect  tne power of  t l re
iest  Ci f ferent  va l r res o i  va i ' iance-covar iance matr ices
wi th vary inq , i iagr i i tuc ie o i  corr -e ia ' l ion c i :s ; i ' ,crenis  as we i i
as d i rect ioni ;  o f  re!at ionship for  b iv ; r r ia te normal ly
d is t r ibuted rarrdom varrables for  two popLr lat ror ls  are
used The levels of  corre lat ion and d i rect icns are g iven
oerow,

- ; )^  r '
\ , + . \ . -  l i r

where,  r  and S are the unbiased est imates of  vector  of
means and the var iance-covar iance matr ix  I  based on
the random samples of  s izes Nr and N2 .
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Assuming we wish to compare the two
populations with respect to their vector of means, the
vector of mean difference d, and the estimate of
variance-covariance are given as;

The sample correlation coefficient between the two
J , ^

variables, r - "t' , such that sr, = rsrs2 Therefore,
s r  J z

sr2 can be determined for various values of r. A SAS

Code or S-Plus programme can be used to obtain the
power for various values of n' = oz = h and r.

d =(rr-ut2,"2t-7rr)'

s= [ t "  " " - ]
Lszt srt  )

The SAS Code that was used in this paper is given as follows;
Proc iml worksize = 500;

Start main:
Alpha=0.05;
P=2',
d={ x,

s={ s, ,  .s, ,  ,  s,  sr,  } ;
do n1=5 to 30 by 5;

do n2=5 to 30 by 5;
power=probt(sqrt((n 1 -n2l(n 1 +n2))"d-inv(s)-d')

-sq rt( ( ( p. (n 1 + n2-2)) I (n1 + n2- 1 -p))-
fi nv( 1 -alpha,p,n 1 +n2-1 -p)),nl +n2-2);

print n1 n2 Power;
end;

end;
run;

4. RESULTS AND CONLUSION coefficients, with small values of negative correlation
coefficients, the test attains higher power than large

It can be seen from the results shown in Tablel values of negative correlation coefficients as sample

that as the sample size increases, the power of the test size increases.
atso increases. For a positive correlation coefficient, the Therefore, by taking advantage,olll" Y?'l?it*
po*"," increases witn increase in values of the covariance structure among variables, Hotelling's T'test

correlation coefficients between the variables as the presents a simple and easy way to control for multiplicity

sample size increases (Figure 1), but interestingly, the when.comparing the equality of multiple means in two

,everse is the case for a negative values of correlation samples.

Tablet. Exact power values for varying levels of correlation coefficients and sample sizes

N 1 N 2 0 . 1 0 - 0 . 1 0 0 ' 2 0 - 0 . 2 0 0 . 4 0 - 0 ' 4 0 0 . 6 0 . 0 ' 6 0 0 . 8 0 - 0 . 8 0
5 5 0.1365 0.1029 0.1621 0.0917 0.2502 0.0755 0-4511 0.0649 0'8644 0'0586

1o 1o 0.5900 0.4799 0.6569 0.4359 0.8094 0.3654 0.9484 0-3142 0'9989 0 2822

15 .t5 0.8425 0.7483 0.8879 A.7032 0.9612 0.6214 0.9997 0.5540 0.9998 0.5083

20 20 0.9456 0.8894 0.9672 0.8575 0.9932 0.7918 0.9998 0 7303 0'9999 0'6848

25 25 0.9825 0.9546 0.991 1 0.9358 0.9989 0.8919 09999 0'8453 1 0000 08077

30 30 o.gg47 0.9823 0.gg77 0.9725 0.9998 0.9464 1.0000 0'9148 1 0000 0'8871

0.0
N1 =N2=5

SamPle sizes
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Figure2. Graph of exact power for varying positive correlation coefficients and sample sizes


