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ABSTRACT

Multiple comparisons often arises in statistical analysis and several methods exist for adjusting statistical
significance levels taking into consideration the sample size and the power of the test. In this paper Hotelling's T
method for handling multiplicity in the p-variate two sample cases is discussed. A generalized method is derived for
computing the exact power for the test. Apart from sample sizes, the magnitude and the direction of correlation
between the variables also contributed to the power size of the test.
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1 INTRODUCTION

Situation arises when instead of observing a
one response random variable, p-vector (pz2) random
variables are observed. And suppose that two
independent random samples of sizes ny and n, are
observed. then X, is said to be multivariate normal

X/, ~ N,,(qu), Therefore, given

observations from two multivariate normally distributed
populations  with  variance-covariance  matrix %,
Hotelling’s T? statistics may be used to test the equality
of the vector of means associated with the muitivariate
normal distribution (Hotelling, 1949, Norman, 1987).

Simultaneous confidence interval is constructed
to determine which components of mean vector differ
between the two populations if the null hypothesis is
rejected at  a-level of significance (Timm, 1985). The
rgjection of nail hypothesis depends un diany faciors
among which are; a (level of significance of the test), the
sample sizes ny and n, the vector of mean differences
and the variance-covariance matrix, 2. It follows that the
power or rather the probability of rejecting the null
hypothesis when it is false, depends on the factors listed
above. This paper will examine the effect of variance-
covariance matrix and sample sizes required to attain a
desired power for a test.

p-variate

2 METHODOLOGY

Let Xp be a random p-vector (pz2) of random
variables from multivariate normal, that
is X', ~ N, (u.2Z). Assuming we have two populations,

and in testing

Ho: M=, versus Hy: HFE
The test statistic;
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where, ¥ and S are the unbiased estimates of vector of

means and the variance-covariance matrix 2 based on
the random samples of sizes N;and N, .
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For Hotelling’s T2, to have an F-distribution, the

expression for T° is weighted by the factor
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where D' (x, v)S'(x x) is known as

Mahalanobis Distance.
To obtain the power, let d denote the vector of
mean differences between the two populations and S
the sample variance-covariance matrix based on the
random samples of sizes ny and n, from the two p-
variates normally distributed populations. A direct
extension of the univariate pooled t-test to muitivariate
space (Kelsy, et al, 1996, Kramer, 1972) gives the exact
power for Hotelhng’s T test as;
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where paniin ol 1s the 100(1-a) percentile of the F-

distribution with p and (ny + n, —p-1) degrees of freedom
(Johnson and Wichern, 1982). When p = 1, we see that
the equation gives the exact power for the univariate
pooled t-test.

3 EXAMPLE

Since both sample sizes and variance-
covariance matrix will to certain affect the power of the
test, different values of variance-covariance matrices
with varying wiagnitude of correialion cocificienis as wel
as directions of relationship for bivariate normally
distributed random variables for two populations are
used. The levels of correlation and directicns are given
below;

(a) p=+010
(b) p=1%+020
(c) p=+040
(d) p=%0.60
(e) p=1+0.280.
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Assuming we wish to compare the two
populations with respect to their vector of means, the
vector of mean difference d, and the estimate of
variance-covariance are given as;

!

d:(;cn — X3, %, _izz)

The sample correlation coefficient between the two

) s
variables, r = —2-,
$18,

such that s,, = rs;s,. Therefore,

s,,can be determined for various values of r. A SAS

Code or S-Plus programme can be used to obtain the
power for various values of n;=n; =nandr.

The SAS Code that was used in this paper is given as follows;

Proc iml worksize = 500;
Start main;
Alpha=0.05;
P=2,
d={Xx,, — X,,, Xy — X}

s={81512,5 50 }
do n1=5to 30 by 5;
do n2=5 to 30 by 5;

power=probt(sqrt((n1*n2/(n1+n2))*d*inv(s)*d’)
-sqrt(((p*(n1+n2-2))/(n1+n2-1-p))*
finv(1-alpha,p,n1+n2-1-p)),n1+n2-2);

print n1 n2 power,
end;
end;
run;

4. RESULTS AND CONLUSION

it can be seen from the results shown in Table1
that as the sample size increases, the power of the test
also increases. For a positive correlation coefficient, the
power increases Wwith increase in values of the
correlation coefficients between the variables as the
sample size increases (Figure 1), but interestingly, the
reverse is the case for a negative values of correlation

coefficients, with small values of negative correlation
coefficients, the test attains higher power than large
values of negative correlation coefficients as sample
size increases.

Therefore, by taking advantage of the variance-
covariance structure among variables, Hotelling’s T test
presents a simple and easy way to control for multiplicity
when comparing the equality of multiple means in two
samples.

Table1. Exact Power values for varying levels of correlation coefficients and sample sizes

N1 N2 0.10 -0.10 0.20 -0.20 0.40 -0.40 0.60 -0.60 0.80 -0.80
5 5 01365 01029 01621 0.0917 02502 00755 04511 0.0649 0.8644 0.0586
10 10 0.5900 04799 06569 04359 0.8094 0.3654 0.9484 0.3142 09989 0.2822
15 15 0.8425 07483 0.8879 07032 09612 06214 0.9997 0.5540 09998 0.5083
20 20 09456 0.8894 09672 0.8575 09932 0.7918 0.9998 0.7303 0.999¢ 0.6848
25 25 09825 0.9546 0.9911 0.9358 09989 0.8919 0.9999 0.8453 1.0000 0.8077
30 30 09947 09823 0.9977 09725 09998 0.9464 1.0000 0.9148 1.0000 0.8871
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Figure2. Graph of exact power for varying positive correlation coefficients and sample sizes
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