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Abstract
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This work study the rate of progression of Hepatitis B to Primary Liver Cancer,

the effect of therapeutic treatment on the HBV and the role of vaccination of

pregnant woman as a passive inumunity for the unborn child. The equilibria states of

both the disease free and the endemic were calculated. Positivity of solution of the

model was analysed and the effective reproducti ber was computed. The ‘

analysis of the reproduction number at the DFE indicate a substantial decrease in the

nimber of secondary infection rate as a result of passively acquired inmunity of the

infant and the therapeutic treatment now available to HBYV. However, the study show

that the rate of progression to Primary Liver Cancer (PLC) will be on the increase if

the treatment is not affordable to all HBV patients.

as adjudge to be the most common serious liver infection in the world nowadays [1]. The word Hepatitis was
two words: Greek word ‘Hepar’ (root word hepat) which means ‘liver’ and the Latin word ‘itis’ that mean

' [10]. Even though it is a vaccine preventable disease, up to 400million people have the disease worldwide

itaest population of patient in Asian countries. Modes of transmission include vertical transmission (Mother-child),

“ sex with a carrier, direct contact with blood of an infected person, misuse of anaesthesia etc. Chronic Hepatitis B

of 2 whooping eighty percent (80%) case of primary liver cancer in the world and second only to tobacco in
most cancer deaths in the world [1]. Although, scientists have discover up to five main types of hepatitis virus,
s 15 said to be the deadliest which can also result to another deadly disease known as Cancer.

[iganlical modelling denotes a representation of issue affecting mankind in a Mathematical language (with the use of
“wsion known as equations) so that Mathematical analysis can be performed in other to gain insight on the cause, effect
“uking asolid foundation on which a solution can be established.

4 sy of infectious diseases was simplified by the use of Mathematical models to understand the dynamics of its
1ics, (o identify potential public health interventions, and to assess their impact on the population at large [2].

Jtwork study the progression rate of Chronic Hepatitis B into Primary Liver Cancer using the compartmental model
~|UHIR, where M denotes the compartment with passively acquired immunity from birth as a result of mother being
Lued during pregnancy, S denote the compartment of the susceptible individuals, E denote the latently infected
Huals with Hepatitis B but no clinical symptoms, I; denote the infected and infectious individuals, 1> denote the Primary

encer compartment while R denote the Removed class.

' ilel divides the entire human population into six compartments which are

|

4y |

|l Model Formulation 7{
It of children born with partial immunity due to vaccine givc_r; J

f\'-&l}h-h _R. Movement into the compartment M is as a resu
it mother during pregnancy. The compartment reduces by natural death rate (n) and by the expiration of the vaccine at ___*
1ed (either due to time frame or due to constant contact with the BB Virus). Susceptible compartment increases due to

‘ol people from recruitment at rate k and expiration of immunity of the vaccine from compartment M while S reduces _|
el death rate and contact with an infectious Hepatitis B patient at the rate B. 0 ;

J“)
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cancer wy, and recovery rate G2

- The removed class (R) i
of I class and decreases by nat

ural death rate.

¢ ~

. 3.0  Model Assumptions

f 1. Recruitment into the Population can either be into
f 2; The assumption is that more i

W

That primary liver cancer compartment (1) is a result of chronic Hepatitis B left untreated
epidemic of HBV in the population,

We assume that latently infected individuals cannot transmit the disease.

of death, natural death that oceurs to all compartments and death due to the disease.
It was assumed that only partial immunity is available to children born from a vaccinated mother.

raction in the population such that everyone has a chance of interacting wij
individuals :

, hence does not cause
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Fig. 1: Flow diagram showing transmission rate of Hepatitis B to Primary Liver Cancer
The model equations
d

S =B—(u+M
§=kn+b‘M—ﬂSII—,uS
G =BSL = (u+ F

(1.0)
i %=J¢7rl,-i-eE—(u9+u+o.)1+al)l1
i %:m;—omwzmz)lz
f ;‘f % =015 + 0,0, — uR
\

El

Table 1: Parameters, Inter retation, value and source :
S-x-mbol Interpretation Values Source
Recruitment rate 29

Probability of recruitin infected individuals

0, 0.4] Hypothetical
Probability of recruiting susceptible individuals 0.85 [4] :
Birth with partial immunity Y

1 0.2 [3] :
Effective contact rate (0, 1 [5] 39036 2% 1§
Natural mortality rate 0.2 [5] - ol Us
Rate of losing partial immunity 0.1 4] SR
Transmission rate of exposed class to infected class 0.016 1[4] i
Rate of transmission of chronic hepatitis B into primary liver cancer 0.4 4] T
Recovery rate of hepatitis B due to treatment 0.5 (3] d B
Recovcrz rate of Primﬂ Liver Cancerdue to treatment (0,03 ngotheticﬂl )
Hefalitis B induced death 0.47 6 T3
Primary Liver cancer induced death 0.30
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_dl, _dR . ~
V). dt  dr
(1.1)
=0 (1.2)
= (1.3)
=@+u+ w,+ao)l, =0 (1.4)
Wy + )l =0 (1.5)
=0 (1.6)
ise free, we assiime the absence of Hepatitis B virus, hence I, = 0.

& (a ¥ g+ 0l =0
41, 0 implies that

assumed to bt a posmve parameter.
¢iuation (1.5), wé have I = 0since I, = 0 ’
‘ m equatiori (1.6), R® = 0, since I; =1, = 0 -
sation (1.2)
M

i B Y]
H(y+6)]
,,E° 1%, 19, R9} = {(M) ”[kn+é‘(” 6)] 0,0,0,0}

itial value set to be {M(0), S(O), E(0), 11(0), 15(0), R(0) > 0}. Then the solution set {M(D), S(V), E(v), Li(t), Ix(t), '
ihe system of eduatlon (1.0) is positive for all t > 0.

- initial condition that, t=0 implies M(t)=M(0), then
0 ] —(u+d)t
+5)+[ O -ra
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as
o +(BL() +u)S = kn

t
Integrating factor; I.F = K¢+ Bl1 (wdu

t
ﬂﬂéfm@mmﬁmnww”fmwﬂmm
0

Which is positive for any time t.
From the third equation
d

2 —(u+e)dt

E(t) 2 E(0)e~(+ex >

From the next equation

dl.

—d?l=x7tll tEE— @ +u+ w, + o)l
dl. ¢
d—;a @ +u+w, +o, —xm)l;

dl

I 2= +pu+aw, + 0y — xm)dt
1

L(t) 2 [, (0)e~O+ut+wr+oy-xm)e >0
From the fifth equation;
1

F:—=1911 —-(y+wz+az)lz
dl.
d—: 2 =(u+ w; + oy)l,
dl.
l—z 2 —(u+ w,; + 0y)dt
2

1 (t) 2 L(0)e~(+wr+at 20
Lastly,

dR

E =0l + 0yl — uR

3 2 —udt
R(t) = R(0)e~# > o
Hence, the solution set {M(D), S(1), E(1), 1i(t), L(t),

R(t)} of the model system is positive for all t > 0

6.0 The Endemic Equilibrium point of the Model

There exist a unique endemic equilibrium for the system of the equation (1.0) in the presence of Hepatitis B vi;'u_a fectio
Recall the system of equations (1.1 — 1.6) and by making the substitution: [t
Nn=W+8),y,=(+e),

V3= +pu+w, +01),y, = W+ w, +a3)
The system then becomes:

B—y,M=0 (1.7)
k1r+6‘M—-ﬁSll—uS=0 (1.8)
BSL —y,E =0 (1.9)
xnly + €E — y;1, = 0 (2.0)
9 —y,L, =0 2.1
0., + 0,1, —uR = 0 2.2)
The endemic equilibrium after computation are given as: §
" o (u+9) =
s = Gm = y3)y, - (m‘(ﬁ'*‘ll"'wx"'a'x))(#'*'f)

Be Be
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pey,y
_ KmBel + 8) + xmu(u + 8)(u+ €) + Bpse — B+ )+ O+ + wy +0)
Be(u+8)(u+c)
’kv_yﬁfy1 +xnuy,y, + BBSe — py, y,y, o

By1y2(yv3 —xm)
=knfﬁe(}1-§-é‘)+x7r;4(p(+¢‘i)(,u+¢s)-f-l?,(ié‘e—u(p+¢$_)(u+'s)(\9+/,¢+m1 +0y)

e ! ﬂ(u+6)(u+e)((19+y+wl+a,)—xn')
st (knﬁm + XUy Y, + BRSe — /“}'1y2y3)

h=
A By1y2(y; — xm)

o D (KmBeQu+ 8) + xmu(u + 8)u + €) + BRSe - u(u + 5)(u + W +u+w; +ay)
G| W+ a, + o) Blu+8)(u+e)(® tutw; +0y) —xm) )
(kfey; + xmuy, y, + Bpde — 1Y,y3) P, + 01y,)

iy By19:(y3 = xm)uy,
o UetBeQu+ 6) + xmuu + 8) (u + €) + BRSE — u(u + 8)(u + €)y3) Wz + 01 (4 + w, + a,))
HB(u A+ 8)(u + €) (y3 — xm) (U + w; + 03)

Reproduction Number of the Model (Ro)
The number of secondaty infection

sonll] .

1,2,3 tépresent the compartment with the diseases

L fi be the réte of appearance of new infection in compartment {

* Uetheransfér rate of individuals into and out of the infected compartment

% “aybethe disez{§§ free equilibrium state, that is, {M?, S% E% 1%, I,%, R} = { - i[ +6-2 ], 0,0,0,0}
"

generated by the introduction of an infectious individual into a population of susceptible

y e (u+8)’ (u+8)
COBSLY .
0
W (urOE
U4 ut w, + a0l = xil, — eE
(Lt wy +a)l, - 91
-negative matrix F and a non-singular matrix V such that;
g:—l‘where i,j = 1,2,3(the infected compartment E,I}I)
0
5.0
0
0 0
! O +u+w; + 0y — xm) 0
i e b -9 (u+ w; +ay)
Teclfective reproduction number is define as the spectral radius (the largest eigenvalue) of the product of matrix F and V-!,
s
v
g F i
g 2 { (u+e) 0 0
L A — 0
(u+€)(xm=9=p-wy~ay) (n—9-p-w;-ay)
3 . ¥ (S
(ure)(xm—9—p~w1-01) (u+wy+0,) (n=9-p-wy~01)(u+wa+03)  (u+wy+az)
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1

—_ 0 0
0 ps° o Gre) :
€
By [0 0 0] » - (y+£)(m—|9—u—ml-d‘) & Cn=9—p-w;~ay) 0
0 0 o -~ €9 3 9 1
(IHE)(*"“"'I“WI—01)(11‘“02*0’:) (m"’"ﬂ‘ﬂx-ﬂ'l)(ﬂ*wz*”z) (u+awy+a,)
eps’ O 0 .
T I B =
=| W+e)m-—9-—pu—g, ) Gr-9-p-—w, —q
0 0 0
N

0 . !
The eigenvalues of the above matrix is given as: :
eps’

(u+e)(19+,u+w1+al—xrr)
0

0
Hence,

o eps®
°—(;4+€)(19+u+w1+61—-x7t)
Where,ﬂ+u+w,+a, > xn

8.0 Local Stability of the Disease Free Equilibrium
Theorem 1: :
The disease free equilibrium of the mode| is locally asymptotically stable if Ry<1
Proof: )

We shall prove the above theorem using the Variational matrix approach,
Recall the system of equations (1.0) governing the model, let

1=B—(u+8M :
fa = knt +6M = s1, — s "o
f3=BSh — (u+ €)E . (2.3)
fa = xnl, +eE— (9 U+ o +0))1,
fs =90 — (u+ w, + o),
fo =01l + 031, — uR ¥
The Jacobian matrix of the system of equations (2.3) above js given as:

~(u+6) 0 0 0 0 0
S —u+pr) o -BS 0 0 e
= o Bl ~(u+e) BS 0 0
0 0 £ —(,u+.9+o-,+m,—xlr) 0 0
0 0 0 4 ~(u+o, + @,) 0
0 0 0 o, o, —u
Using the disease free equilibrium state: {M°, 50, E° 1% 1., R%} = {(’: 5 ,,% [kn' +65 ﬁ] , 0,0,0,0}
!'—(,u +8) 0 0 0 0 0]
) -u 0 -4S° 0 0
)= 0 0 —(u+e) BS° 0 0
0 0 & —(,u+3+0,+w,—xn) 0 0
0 0 0 4 —(u+o, + @,) 0 i
L 0 0 0 o, oy —,u_] il
U—-arn=o gives ) ; o

>

i
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d)-4 0 0 0 0 ' 0
s <=2 0 -pS° 0 0
0 ~(u+e)-A AS° 0 0
0 & —(u+8+0, +w, -xn)- 1 0 0 i
0 0 ‘ g ~(u+8,+w)-2 0
: 0 0 o, o, —u—A
 hunbe seen from the above matrix that the first four eigenvalues are:

==(u+0)

ining 2 x 2 matrix is given as:
-4 pse &0

@ +p+w; +ay —xm)— 2
Lgives thé equation:
2uttoy+oy = x4 A+ I+ p + w, +oy—xm)(u+e)—efS°=0

plying Rotith-Hurwitz criteria as used in
e characteristic equation; we have
Hog+ 0y —xm)(u ¥ &) - €8S° > 0
W+ 6 — xm) (i ¥ £) > 4SO
i eps?

[11] for a quadratic equation which guarantee a negative real roots of the

il proof the theorem. .
e, the disease free equilibrium is Locally Asymptotic Stable (LAS). k&

Global Stability of the Disease Free Equilibrium
e approach of [8] to establish the global asymptotic stability of the model at the DFE.

¢ he expression corresponding to R appears only once in the system of equations, R can be omitted for simplicity of
uhematical calculations

11/ € R® deitotes the compartment of uninfected population and Z € R® represent all infected compartments which
he Lateiit (E), infectious HBV (1 1) and the primary liver cancer (I). Then, by definition,

. {Lpi (W*,0) represent the disease free equilibrium of the model.
~ lieconditions for global stability of the model as given by Castillo Chavez et al. are:

qu% =F(W,0), W* is globally asymptofically stable (GAS)
G(W,2) = NZ —G(W,2) = 0for(W, Z) € ® where N = D,G(W*

,0)is an M-matrix (the off diagonal elements of
are non-negative) and @ is the region where the model makes biological sense.
s, 1f the system satisfies the two conditions above then the system is said to be globally asymptotically stable (GAS) at
DEE!. 5% b
e 5 B—(u+d8M )
)= (krr + 6M — BSI, — uS
ng lhie disease free equilibrium point, we have
AT B—(,u+6)M) :
v Fo ! :
0= (it uS
2 i o Journal of the Nigerian Association of Mathematical Physics Volume 32, (November, 2015), 211 — 220
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3 =
dM
das

= km + M — uS

dt
From the first equation
am
—d—t- =B—(u+6)M
dM
Ft" &+ (,Ll +8M=B
The integrating factor is e#*+8)¢
d
E{M - e(n;&)t} =B+ e(u+6)t
M(t) =

® OFT)
Using the initial condition that, t=0 implies M(1)=M(0), then

M(t) = M(0) — gl

+ ce~ (o)

5 MO -G
(u+8) w+ol®
Ast > oo, M(t) = (l‘;:s) which is an invariant region.

Similarly,

ds—k M

i ‘n+ us

d.S‘+ S = km + 6M

qE PRSI

ds < ¢
g TS

Integrating factor; L.F = e#t
t
S(t)yse (f kmertdt + c)
0
k
S@) < Tn Ype e
km k
S@ <=+ M©) - 7"-]3-'"

K T /
Ast - o, S(t) < T:'— which is an invariant region.

: : B :
Obviously according to [9] as t — oo, M(t) — T ji9lk

S© -
Clearly, the first condition is satisfied.
Now,
BSL — (u+€)E
GCW,Z)=|xnl, +€E — (9 + p+ wy + 0y)];
9 — (U + w, + 0y)l,

Let
N = %‘é’jﬁ where Z; represent the infected compartment i
N T
—(u+e) BS 0 1
N = € xm— 9 +pu+w +0y) 0
0 9 —(u+ w; +0y) |
But from the DFE, § = = (kn + M) = N
[ 1
—(u+e¢€) ) %(Im+6M) 0
N =
€ xt— O +pu+w +o) 0 P
L 0 9 —(u+ w; + 03) -4y

1
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f—j(kn + M)

9

—@+u+w +a)l
(ﬂ + w; + G'z)lz

EE ‘l- xml; —
4 19’1 ([l + w;, + Uz)lz
;fkn +8M)1, - BSI,

|
|

0
0

g.?.?,h - pst,

s
'ﬁ)

xt =9+ p+w, +0y)

Jenow check mr the second stability condition according to Castillo-Chavez [8] which is:

B acu+ gk 42 (kn + M),
(¢ + L+ w +oy)l;

and 0 < N — S, it is clear that G(W, Z) > 0. Hence, Eo = (W*,
Ef{ec af Ro on numbers of infectives cases at steady state

Odetunde, Ibrahim, Lawal, Edogbanya and Akinyemi J of NAMP

0

0
-+ w; +0y)

BSh — (u+ €)E
= |xmhy + €E — (9 + u + w; + 0y)],
9 — (U + w, + ay)l,

0) is Globally Asymptotically Stable (GAS).

!

il o, R, E4L+1 |Remsls
0.3 0.5831 0 &, stable (disease eradication)
103 0.6227 0 &, stable (disease eradication)
0.3 0.6682 0 &, stable (disease eradication)
0.3 1.3364 29.3086 &, stable ( no eradication)
: Q.Z 1.3364 29.3326 &, stable ( no eradication) f
o} 02 2.0046 583918 &, stable ( no eradication) ‘;%1‘
fi oz 0.1 2.0046 58.4619 &, stable ( no eradication) ”
:5,41;“'-3; 03 0.1. 2.1624 62.8039 &, stable ( no gradication) } i
§ i

Il]ﬂ _vDiscussion of Result

Uelormulated a Mathematical model that studies the transition rate of
il pmml immunity. The Disease Free Equilibrium DFE of the model
b mlunon of the model and find the feasible region of the model. The reprod

- Journal of the Nigerian Association of Mathematical Physics Volume 32, (November, 201 5),211-220

Hepatitis B into Primary Liver cancer with infant born
was established. We established the positivity of
uction number of the model was computed to
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susceptible population (due
proper education) move the equilibrium point from stable o unstable. Alsp increasing the probability of

show that in the absence of 1o affordable treatment, Primary liver cancer compartment increases and thus death; due:
impact of Hepatitis B and primary liver cancer increases. Further work is needed to show the impact the vaccine would
on the entire population if the susceptible can be vaccinated at an affordable rate.
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