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Abstract 

In this paper we introduce certain analytic functions of boundary rotation bounded 
by k1r which are of Caratheodory origin. With them we study two classes of analytic 
and univalent functions in the unit disk E = {z E C Izi < I} , which are also of 
bounded boundary rotation. 
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1. Introduction 

Let P( ;3) den ote the Cara the odory fam ily of functions: 

p(z) = 1 + CI Z + C2 z2 + .. . (1.1) 

which are ana lytic in E and satisfy Re p(z) > /3, °:S ;3 < 1, Z E E . For f3 = 0, we write P 
in place of P(O). The fun cti on Lo,,G(z) = ,G + (1- ;3 )Lo(z ) pl ays the extremal ro le in P (;3 ) 
as does Lo(z ) = (1 + z)/ (1 - z) in P. Functions in PCG) have Herglotz representations 

i
27f 1 + (1 - 2{J) ze - t S 

. dfJ(s)
t S .° 1 - zc­
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27r 
for d ~l( s) 2 °and Jo dJl (s) = 1. Denote by lVh , k 2 2, the class of rea l-valued func tions 
m(5) of bounded variat ion on [0, 27f] which sat isfy the conditions : 

j 'Z1f ( ZIT 

o dm(s) = 2, i o Idm(s)1S k . 

Clearly, lVlz is the class of nondec reas ing functio ns on [0, 27f] wh ich satisfy It"dm(s) 
= 2. 

If m E lVlf,; wi th k 2 2, we can write m(5) = a(5) - b(s) for some nonnega tive, 

non decreasing func tions o.(s ), b(s) on [0,27f] sat isfy ing 

.27r k ( ZIT k 
da,( s) ::; "2 + 1, io db(5)::;"2 - 1. (1.2)/r·0 

Furthe rmore, let PI;; (13) be the class of ana lytic funct ions in E which have the representa tion 

1 j'Z1i" 1 + (1 - 2j3) ze- .s 
h( z) = - dm(s) , (1.3)

ze- t S 2 0 1 ­

where m E M k . 

If we set 0. (5) = 1;;~2 J11(5) and b(s) = k-;;2 J12(S), whe re I~ 7r dJ1J(s) = 1, j = 1,2 . 
Then it follow s from (1 .2) and (1.3) that 

h( z) = k + 2 (21i" 1 + (1 - 2j3)z e-
t S 

dJ11(S) 
4 .fo 1 - ze- t S 

i s k - 2127f 1 + (1 - 2j3) ze­ (1.4) - -- . dJ12(S)
4 0 1 - ze-1S 

k+2 k -2 
== --p(z ) - - - q(z ) 

4 4 

where p, q E P( f3). 

Pinch uk [10] defi ned Pk and proved the following: 

Lemma 1.1 ([ 10]), All the functions in P I;; have positive real parts for 

k - Jk2 - 4
Izi = r < 2 . 

Furthermore. there exist functions in Pk wh ich do not have pasitive rea! parts in any larger 

disk. 

If we choose h E PdJ3) and set h(z ) = j3 + (1 - j3 )hdz ), where Ii , E Pk, we have 
the fo llow ing : 

Le mma 1.2. All function s in PI;; (13) ha ve p os itive real parts for 

(1-{3)k-J( l - {3)2k2_ 4( 1-2{3 ) 
ifj3 i-~ ,[z] = r (k, j3 ) < 2 2(1-2,6) (1.5) 

{ 
ifj3 =~ ·t: 
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The function� 
k +2 k -2� 

H( z) = - 4-Lo" i3 (- z ) - - 4- LO ,/3 (z ) (1.6) 

shows that there existj unctions in Pk({3) which do not have positive real parts in any larger 
disk. 

10 the next sec tion, we introdu ce ce rta in iterations of Pk({3) and with a br ief discussion 
that will lead to new classes of analytic fun ction s having boundary rotations bound ed by kn . 

2. Functions of the Classes CP~ ,n,fJ(3) , j = 1)2 

Tn [2, 3] , the autho rs identi fied the fo llow ing iterated integra l transformation of fun ctions in 
the class P . 

Definition 2.1. Let pE P . Let 0 > 0 be rea l number n 2: 1. Then , for any z E E, define 

z 

cPa,n(P(Z)) = l '>'b,n(z , t) ¢~, n_ l (p(t))dt , j = 1, 2 (2 .1) 

where 
t CT - 1 

1 0 
A.:T nez , t ) = - ­, ZCT 

and 
(0 - (n - l ) )l CT - n 

'>'~ , n(z, t) = ZCT - ( 1) a - (n - 1) > 0, 
"fl ­

with ¢~,o (p(z ) ) = p(z) . 

Changes in notations (cf. [2, 3]) became necessary only in order to unify our discussions 
of the two trans form ations. Fo r any p EP defined by ( 1. I), it is known [2, 3] that the 
transformat ion s <i>b,n (p(z)) have series represe ntations 

co 

1?a.n(P(z)) = 1 + (1 - {3 ) .L cJ,n) , j = 1,2 , (2 .2) 
1=1 

wh ere 

and 
0 (0 - 1)...(0 - (n - 1)) 

(0 + 1)(0 + 1- 1)...(0 + 1 - (n - 1)) ' 

Fur thermore, these transformation s preserve many geom etric stru ctures o f the fam ily P ; 
particularly the posit ivity of the real parts , co mpac tness, convex ity and subordination. They 
are iterative and are closely ass ociated with certain farriilies analytic and univalent functi ons 
involvin g the we ll known Salagean and Ru cheweyh derivatives (see [2, 3]) and have been 
used effec tively and e legantly too, to characterize them. Also, in [4] , we have used the 
tranformati on ¢~ n(p(z)) togeth er with a method of Nehari and N etanyahu to determine the , 
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best possible coefficient bound s for some classes of functi ons. Furth er characteri zations 
can be found in the articles. 

Since for 0 ::; /3 < 1, Re p(z) > (J impl ies Re ¢b.n(P(z) ) > /j (see [2, 3]) , we would 
suppos e P E P( ,6) and denot e by 1>~ ,n (13) the classes of these transformations. If, in (1.4), 
we replace p(z) and q(z) by their re spective iterati ons (i .e., ¢~:n (p(z)) and q)b,n (q(z))), we 
come to a more general class of functions 1>~. n ,k (,6) consisting of function s of the form : 

1 ( ( )) _ k + 2 j ( ()) k - 2 J (())¢ra,n h z - - 4-¢a,n P z - - 4-¢a.n q z . (2.3) 

Let us note the equivalent classes: 

1>~ , O , k (f3 ) == Pk (,6), CP~,O , k(O) == Pu , 

iP~ . 0 , 2 (f3 ) == PCB), iP~ ,0 , 2(O) == P. 

Theorem 2.2. All the/unctions in iP.J kUJ) have integral representation 
0'1n 1 

j = 1, 2, (2.4) 

where cI,n are those defined/or series (2.2). 

Proof From (1.3) and (2.1), we have 

2 

¢~.n ( h (z ) ) = 1 ),~ ,n(Z' t ) <P~,n-l (h(t))dt, 

= r),j (z t)(j} [ ~ {21f 1 + (1 - 2,6)te-
' S 

dm (S)] dt (2.5) .fo a ,n , a,n- l 2 Jo 1 - t« v 

1 t" [ t' . (1 + (1 - 2,6)te-
t S 

) ]= '2 l» J ),~ ,n ( Z l t)cP~.n _ l 1 _ t e -~S dt dm(s) . 
o 

If we write the kernel of the inner integral in series form and appl y the transform ations 
successively, we obtain the desired express ion. This completes the proof. 0 

Remark 2.3. The repre sentations (2.4) are the Herglotzs for functi ons in iP '~ , l l , k (,6), j = 
1, 2. 

Theorem 2.4 . For any h E P(,6), let ¢!'b,n (h(z )) E <P~ , n,k ( /3) . Then we have the best 
possible lower bound 

Re ¢~,n ( h ( z ) )::: 1 + (1 - ,6) L
0() 

(2~I , n r - k~I-1.n) 1'21-1 , 

1=1 

where ~l , n and c;I-I ,n are appropr iately defined fr om those for series (2.2). 

Proof Let z = Te1
() and t = pete with 0 < p < r < 1 in the second equation of (2.5). Then 

we have 
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where 
. _ 1 l· Z1f 1 + (1 - 2(3 )pet (8- s) 

U(p) - - (8 ) dm(s) 
2 0 1 - pel 

21f i
1 1 ( 

-5 

1 + pe (8- s ) ) = - (3 + (1 - m (0- ) dm(s). 
2 0 1 - pel S 

Thus we have 

(2.6) 

Assume J~2 1f Idm(s)1 = k , then we have 

1 i21f 
( 1 p 2 )Re O(p) = -2 (3 + (1 - (3) (8 ) 2 [da(s) - db(s)] 

. 0 1 - 2p cos - s + P 

k ) 1 - p 2 ( k ) 1 _ p 2 ]
2: (3 + (1 - (3) [ ( :2 + 1 1 + 2p + p2 - :2 - 1 1 _ 2p + p2 

(2.7) 

= (3 + (1 - mC};~:: 1) 

(1 - 2(3) p2 - (1 - (3 )kp + 1� 
1 - pZ� 

In series form, we have 

co 

Re O(p) :2: 1 + (1 - (3) L (2p - k) p21- 1. 

1= 1 

Now, applying (2.6) appropriately, we have the results. And , if J21f Idm(s)1= k' < k , then
0 

we have Re O(p) > (1- 2,6)p2_(1-fJ) k' p+l > (1-2,i3)p2_ (1,- i3)kp+ l . The extremal functions 
- I _p2 I-p­

are ¢b,n(H (z )), where H( z ) is given by (1.6). Thi s completes the proof. 0 

Two important corollaries (j = 1,2) which follow from the proof of the above theorem 
are results similar to Lemma 1.2, which are as follow s: 

Corollary 2.5. A ll the functions in (J)~ ,n,k U3 ) have posit ive real parts for 1:,,1 = r (k , ,6 ) 
given by (1.5). This d isk Izi = r (k , (3) is the largest possible. 

Proof The proof easily follows from (2.7) and the fun ctions ¢~,n, k (H ( z ) ) , wh ere H (z ) is 

given by (1.6) , show that there exist functions in (J) ~ , n , k ((3) which do not have positive real 
parts in any larger disk. 0 

Followin g from (2.3) (and similar arguments as in [2, 3]) it is not difficult to see the 
inclusions 

Theorem 2.6. (J)~ . n +l , k ( (3 ) C iJ.>~ , n , k ((3)for each n E N. . 

Theorem 2.7. (J); .n,k, (J3) c Pk(/3 ) for each n E N. 

Finally, we make the following rem arks : 
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Remark 2.8. For any real num bers o i. (J2 > 0 and 711, 712 E N sat isfying Defin ition 1.1 
and h E P ({3 ), we have 

Remark 2.9. For any hE P( f3 ), we have 

and 

¢ 2 (h(z) + z (¢~ , n ( h(z ) )' = dJ2 (h(z). 
a ,n (1 _ (71 - 1) . a ,n- l 

3. Functions of Bounded Boundary Rotation 

Let A be the cla ss of fun ctions 

which are analy tic in E . Throughout, (J and 71 shall have their defini tions as in Section 

I . Then via the cl asses of analytic functions Pk (!3 ), we defin e the foll ow ing classes of 
fu nc tions . 

Definition 3.1. We say that a fun ction f E A is in the class r;{(k, (3 ) ifand only if 

Definition 3.2. We say that a fun ction f E A is in the cla ss B~ (k 1 {3) if and only if 

L~f ( z ) E P ({3) : z E E.
k z 

Th e op erator D" : A ~ A is the Sa Jagea n deri vat ive operator defined as Dnj(z) = 
D(D n- 1f (z)) = z [Dn- 1.f (z )Y with DOj(z) = f ez ). The ind ex (J > 0 means prin cipal 

determinati ons only. Whereas, L~ : A ~ A was defined in [3] (usi ng the co nvolution *) as 

follows : 

L~f( z) = (Tu * T~::;;l ) * f)( z) , 

whe re 
Z 

Tu,n(Z) = (1 _ z )u-(n- l) ' (J - ( 71 - 1) > 0, 

To = Tu ,O an d T~~l ) is such that 

(-1))( _ . Z(Tu n* Tun z ) ---.
" 1 - z 

It is remarka ble to mention that L~ == 'D" w here D" is the well known Ru sheweyh 

deri vative operator. r ;{ (2,{3) and B~ (2,13) respe ctively coincide with the classes r;: (13) 
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and B:{. (0) , which are generalizations of several other classes of functions [1, 5, 6, 12, 13]. 

Also rl(k ,o) and Bi(k,O) both coincide with Bk studied in [11]. The classes r :; (k, j3) 
and B~ (k , {3) consist of analytic and univalent functions in A having boundary rotations 
bounded by hi and respectively generalize the classes r :;(j3) and B:{. ({3) in the same man­
ner Uk and Vk generalize the well known classes of starlike and convex functions in the 
open unit disk (see [8, 10, 11]). 

In the sequel, we study these classes of functions. The conciseness of our proofs is due 
to the following lemmas, which relate functions of these clas ses with those of (JJ~.n , k (j3) of 
the last section. The lemmas are consequences of Lemmas 4 .2 and 2 of [2,3], resp ectively. 

Lemma 3.3. Let j E A. Then the following are equivalent: 
(i) j E r:;(k , j3) , 

D"J(z )" 
(ii) G n Z " E h({3), 

(iii) j( z)G / zG E If};''.n,k(j3) . 

Lemma 3.4. Let j E A. Then the following are equivalent: 
(i) j E B::'(k,;3 ), 
(ii) L~~ ( z) E Pk (;3 ), 

(iii) j (z) / z E <I:>; n k({:I) ., , 

Our first results are the inclusions as follows: 

Theorem 3.5. For each n E N, 

Proof Let j E r:;+l u: ;3). By Lemma 3, j (z)G/ zGE ep ~,n+l , k( {3) . Hence by Theorem 3, 

we have 1( zt [e" E If}~ ,n,k ( {3). This implies j E ~~(k , j3) as required. The proof of the 
second part is similar. 0 

It is known that, for n 2': 1, the classes ~~ ((3) and B~ (,6) both consist only of univalent 
functions in the open unit disk. Bas ed on this , the next results show that Izi = r(k, j3 ) given 
by (1.5) is the radius ofunivalence for both T:;(k, (3) and B;;' (k , ;3) when n ~ 1. 

Theorem 3.6. If1 E r:; (k, (3), then 

tr: j (z )G 
Re > 0 (3.1) zG 

f or Izl = r(k , j3) given by (l..5) . For any larger disk, there exist fun ctions in r1~ (k , (3) which 
do not satisfy (3.1). Similarly, ifj E B;;'(k, j3) , then 

Re L~j ( z ) > 0 (3.2)
z 

for Iz] = r (k , {3) given by (1.5). For any larger disk, there ex ist fun ctions in r1~ (k , ,6) which 
do not satisfy (3.2). 

Proof The proofs follow easily from Lemmas 2.2, 3.3 and 3.4. The functions j( z ) defined 

by j (z)O /z eY = ¢; ,n(H(z )) and 1(z )/ z = ¢~ ,n (H ( z) ), where H (z ) is given by (1.6), 
respectively, show that the results are sharp. 0 
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Defi ne the integral 

F (z )"- = C +c K {" tc- 1 f(t)"-dt , C + K > O. 
z )0 

For K = we cons ider the integra l F in T;;(k , ,6) whi le it is considered in B~(k, (3 )(T, 

for K, = 1. Our resu lts are the following 

T heore m 3.7. Both classes T::' (k ,(3) and B~ (k, f3) are preserved under F . 

Proof Note that K, = (T for T:; (k ,/3) and r; = 1 for B~ (k , (3) . Suppose f belong to either 
class . Then, by Lemmas 3.3 and 3.4, f( zy"/ZK' belongs to <I>: ,n,k( (3 ),.i = 1,2; that is, there 

exists h E P( (3 ) such that J( Z)"/ ZK= ¢b,n(h(z )). Hence 

z 

F( Z) K/ZK = C + K l t c+,,- 1 (J(t t /t") dt , C + K > O.~ 
z 0 

= C + r~ {" t c +"-1 ~&1 (h(t))dt 
ZC+K )0 o.n 

= ¢~,d%.n ( h ( t) )], ~f = C + K 

= % ,n[¢;,l (h(t ))], 

so that by Remark 2.8 and Lemmas 3.3 and 3.4 aga in we have the results. This completes 
ilie proof 0 

T heorem 3.8. Let dol
,71 

, j = 1, 2, have their definitions as in (2.2). iff E T:{(k , ,6), then 

) r21 1R e j( z )O > 1 + (1 - (3) ~ (2c1 T - kc l - .z<1 - Z:: 21,71 21- 1,71 
k=l 

Similarly, ifJ E B~ (k, (3), we have 

f (z ) ( (3)~( 2 k '1 )21-1Re -z- 2: 1 + 1 - Z:: 2 c'11 ,n T - c21-1,n r . 

k= 1 

The bounds are the best poss ible. 

Proof Take f( z) <1 / z fT = ~~,n ( h(z ) ) and f( z) /z = ¢~ , n (h (z)) in Theorem 2 .6. The 
extremal functions are defi ned by j( z)er /zer = <P~,n (H(z )) and j (z )/ z = ¢;.n(H(z )), 
where H( z ) is give n by (1 .6) . 0 

Theorem 3.9. Let ef n' j = 1, 2 have their definitions as in (2 .2) . Iff E T:; (k ,13). then , 

J( z )er -1f'(z) ((3) ~ ( 1 1 ) 21-1R e er- 1 2: 1 + 1 - L 2 C21,71 _ 1T-kc21 __ 1,71 _l r . 
z 

k= 1 

Similarly, iff E B~ (k; (3), we have 
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The hounds are the best p ossible. 

Proof Take j( z)O [z" = ¢;',n(h(z)) and j (z)/ z = q)~"Jh( z)) . On differentiation 
and using Rema rk 3, we have the result s. The extremal functions are those den ned by 
j (z )O[z" = ¢;',n( H(z)) and j(z) /z = q)~,n( H( z)), H (z ) given by (1.6) . 0 

Remark 3.10. Variants of our result s for specia l cases of the param eters {J , n, k and (3 can 
be derived by spec ifying them . 
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