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L lntroduction
Thclechniquesforsolvingdifferentialequationsbasedonnumericllapproximalionsweledevelopcdlo|gbelole
progrannnable compulen existed. scores of mathematicians have tried to provide easier and less rigorous wals of solving

iigi order ordinarvdiffereniial equrtions numericall)' since the exact solution ofsome high order differential cqoxtions rre

carl Runge t1l, published a paper which exrended the approximation method ofEuler to a more elihorate schemc. which Ias
capable of grearer accuracy.
nie idea oi Runge was to tase the app.o,imate solution on such improved fomlulas as the mid-poinl and tlre trapezoidrl

nnes. The requrrement ofevaluaring the <lerivative at the mid or end poinr of a step noi yet completed, was achieved by first

performing o. Euler type ofcalcul;ion to obrain a prelininary approximation to the solution one ofrhe points. Runge was

able 10 esrablish the schernc up 1o rhe third order.
In the year t900, K. Hcun rooi the order condirion as far as four and intoduced the method proposed amongst other mefiods

(Heun's Method).
in ihe same veir in the year 1901, Kufta took the analysis ot Kulta nethod as far as order five. The work made a complete

classitication oforder four method and inlroduced the the famous Founh order Runge Kuita method.

The in1plicil Runge,Kutta were proposed by Kuntzmann and Butcher wilh ihe central example being hsed on Gaussian

quadrati* fomule. These merlrodi staled Ionn rhe basis on which many tcchniques of solvins hislr order diffcrenlill
equalions nunericalLy are based.

So many people hav. worked on lrow to solve high order ordinary differertial equations numerically. Although, most ofthern

do nol generalise thc proposed methods. lhey are behg specific on 1l1e order ofthe ODE.

Sev*ainesearchers fz ll rrave *oLkert on nLrmerical sol,lions offbunh order ordiDary differential equarions (boLrndary vrh'e

problcms, specificalty). Also, Taiwo and Evans [8] c.mc up with collocalion approximarion for fourth order boundary value

;roblem in'which caonical potynornials *. u""a * ** basis funclion for a coLlocation solulion via the perturbed

Lollo.rrron $i r Jnd $irlr rtexponenrr.,l rlrt.ne.
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Ahslract

This hrork deals with integrated tolloctttion apPrcxir alioh , elhods fol solvittg

high order oftli ary differcfltiat equations b! Chebyshev polynomials and

piwer series bases funclions.The issumed approximate solution ih terms of
Chebysher pol! onials and power series are substituted into the general high

order odinary dilferenti(rl eqaatio s consileted. Thus, aftet simplification, the

rcsulting equation is the collocated for both cases and thas resulled iito
algebruic linear sistem ofequalions which are theh solwrl by ,flalhematica 5'2

to ohtai the unkfiotefi constafits inwtve.l in lhe aPproxifiate solfilion. The

fiethoils arc illustruted on three era ples- The ?esults obtaiied in tern of
absol te errors arc tabulate.l for compaison, Flom the lables of results, *e
obserred that Chebysher! pollnomi1ls approxit tation gives d better result for all
cases ofN (i.e- the- degree of apprcximdrt) in the YlorlL
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lhe dr ofNculon's iraearrzarLon sch.nr. oto cr lird. tor non_line.r.ases is emllolcd 1o liier.ir.
tn rlr. s.nrc vcnr. El-canret lglus.d Sinc Calcrknr merhod, Sliaosei ll0l us.d horolo|) Lr.,rfbarion mc(hod (lhazala .r dr [] ll
cinrc up e.irh $trlroi ol l)outrd.ry valuc problerr i! r.puhLcrng ternel st.cc and al!. A!y.z.7 rl []21 rsed Hcnnil. {a\.1.1
nr.thod r\ll rhcsc nrthods are appticd o. fiilh order ordinary dilterentialeqr.lioDs (LrolLndery vahre proLrlc,ns. sfecificallr)
R.scirchcrs I1.l-191 solred ordcr six problcrns ttith ditlircnl methods rcpor(cd llicrcin
\\us er,/ []01 divetof€d i schcme kno{. as L! DQII r'hrcli Drcans Local -AdapLlle Ditlcrcnriul Qdadrature Nlerlrod lor lirc

.o.lllci.nLs and the derails ofiuplcDrcnnns mtrlti boundary . orditioL rcrc flt\enred
NIal.k.1 d/. [21].terelop.d a Drcrhod known as Novcl ll),brid Nlcdnxl $,hrch -N bas.d on optnnizarion (cchnrqu.s at,l ncdr.l

oeuortrs mcLhoris tbr rhe solrrion olh,gh order o inarv d,fier.nLial cqual]nis ln this Drclhod. netrral n.t$ork {as coosidcred ar

pxrl ot largc fi.ld .alled n€urdl or s{,fi.omputing This nreans thar rhcy prrilios.d . ncw solurion m.diod llr lh. affro\irnit.d

ln rhis work. $e employcd lhc use ol ntegrarcd collo.arion apprcrnnalio. nrelhof Io $lrc high oelcr ordrn.rl dilLi:ltl,al
.quation. showing irs potcncy, elll.acy and cfficl.n.y oler orh.r nerlods sr.red ca.licr rsing tow.r series and alhcb!_shev

pollno.rials as lhe bascs iLLnclions.

Genernl Rcpres.ntation
I hc se.erat nlh order ordinary differertial equaiion cons ered is cxprcjse.l xs

ar (r) a.r' (r.(,-''r(r)-. +a,,(r)=llr) (l)
subjcct to the corditions
r (d) -:. r'(")= :r, ,"(d) :,, . , ,' (,) =:, 

L

Wherc D i! thc order ol tlic difinrential equarion. The probl.m mry eirher be homogcnous or not depending on llie
forn lation o f the problern. Function Iis oflhe fonn o f exponenli.l. lrigono eiricoreveno inarvpolvno ials.

Discussion Oflntegrated Approximation Method On General Problcm Considered
Chebyshev Pollnomials Method
in thi. melhod, we assumed an Dth order approximele $luirn in tenn olChe\byshev polynonrai tunctlon !s

(2)

(l)

(1)

.nc.,.quitior (.11gi\c\ ns. (i (N |.lgebmic slsr.n equarions rn (\+ll ! k or conslantj Exrr! eqlarions arc thdr obralrcd ftru the

girtn coidtrLons rnrt a rt,ul ol (.\- 1) alg.bFic lirerr eqnation5 nr t|en obr.lrcd \rl,lch are dfn solr.d hr- Nlirhemaricx nrli*fue to

.blrii rlt v.hrcs or'the unl,!ro]n conslanls
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rir,r:L,,Iin: a. \.. h

Here, equarrcn (2) is inlegrated n linr.s and we obtai.cd

,,=f1,r .,..
r r=Illi / iL'

1,r Lll l,r! r. ,,, u -

I hiLs, substiluting aU these nno ie given problem leads lo

.t,. , -tf.,r,,r+. ,.s I,L t.

'- tfl t..7,,lJr, .., ] +l lr r. =rt,ra (' lr
The abovc equalion is then simplificd lo ger

.1r1'1., " J1t.l,r. *" firrl),&ft *a,JI. ir(nrtn"r.,r+
i (r(r)d. d F (i)dr ",iir(n,ft,r, " JJ l;t,r,t-t ,t' t*

"("rin-"lI(nr'..,"IJ/11rrt,h. d.ll Jrro,ra.,i..r
,..r.-1.'- -Ll)..r. '.1,' -!)- +, r\)

ltrLl

Equation (3) is then collocaled al poinl -r : .r,, 
'rc 

obtai

i.(r:(.r,-dlrr,).,,,1]'/,r),^rr +,iJ i, 1,),r,r, d r

,"lltt.r'l
*"r,,.r1,)-"jr(.r,/. ,.*ilr,'".,- -",Jj irr'r,t't ,t, r

$lrere , ,, (11! i r r,: .x 1
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Lxdnple i ( on:idcr rhc s.cond ordcr ODL of rhc lonn

r"+.11'- 8r 0 ,r0) I r'(0) 2 Az./ .: (2.,r1r+:Jr,2!)l

Llsing Chebyshev Atproximltion givcn in .qn (2) for case N 2, we

r'l(r)= i l(r)r,1(r)r r,41n
Also. inlcgrating cqn (6) to oblain 1t(r) and _r'.(,!) leads to

r1(n=I,7 (I).r.+J,rrn,/. I,,.+r(.rr.,.

Drmonstrution Ol Cheb\shev Poh nomi,ls ADprorinute Solution On Somt Nutrtcricll Examplts

(5)

(6)

(1)

, L')=IJ.,|(.),"^-li.r,n,^,^-1j,,,rr.,,".*..-.. (8)

I!!xtiors (6). (71a.d (8)are rlm si'nplined to sire
,:(\) r.+n(l l)+,:l$r sr-l) (9)

/.)

r t)

l'urtrg these equations in thegiven example leads to

"r1,..,,1. t, -, rt, 1,.t.r...-,.1
.t1,,"1

. (12)r. l,*;,)l Jla 3Ll+3 =0

Collocatingthis eqlationat.I:.1:*: k=1.2,3

for k-1. . = 1 . hence alrer snnplincation ofeqn (12) gives

. I irrf' I J ro' o 'q_ r' 'i 'r\F.

l25OOOO, 1.158:lltu -0229167,: +600000&i +8 00000&: =0 (13)

ror k=2, , hcncc alicr sim ificalion oaeqn (12) gives

r1r00r)i]l]r, -l666a70d 1466670a,:3 00000tu +3 00000tu, =0 (ll)
r.l( i.! ,I'(, ..,.1,1(-.uoIe rn,l-i r.\(.

6.15000Or. llr5000dr 2.562500a, + l0 00000&, +8., = 0 (15)

Ihcn applyi,rs thc co dilions eivcn in lhe cxamplc, *e have

.r,r(0):2

c,:2

v\(.0) - 2

c. :2

( l6)

(17)

solvin-E equntions (l:l), (14) aud (l s) aiier tlE subst,tuiion ofequ.tions (16)and (17) by G.lssian elinitution dethod, wc obtai.cd
a, - 5.509770

a = 11.579700

r. - -5 601200
Pu(ing fi*e lalues,n eqn (l I ), .lier sinpliicdtion, we obt.ined

, ., r,r, 1:!l'0., ,,, u.,l_ _, ..or ur,l. ,. | .,
.tir;

which is thc approximale solution forcascN=2

$Jc agah considcrthe foLLo*ing |igh ord$ ODE
) !,",! f" =a !(01 = t (0) = !,,(0) = 0. ,, "(0) = L

\ r,," +1y" + !=0., r,(0)-1,r"(0)=2.t-(0)=-3
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we have $lved rre above qampl€s usiirg the same method descib€d foi equrion (5Eorc6es N (i.e., N=3, N-,1, N=5 and N=6) nd thc,c{h'
oblainedarebelow
Pow€r Soies lnterrat.d APP{dinttion Metnod
Ir this method, wc;smed;; h ordet approximalc solurion in 1€rm ofPower Serics tunction as

' (18)
]i.(J)=:2,/; a<rJ
n"'", 

",il!ti", fla) i, inr"g,uted n times, wc obrain

rl(r=I[,,rd,*.

'l'L,r=tll,.' rr, + '+".rl..
,.i\r=tll 1., itltdd\--t'.+L+-+ ' +.,,' (,r r)
l''L,, .ubJitu', 

'e. I '1e'e i o rlc gr\el prooler l"ar' ro

, i,.'*".rt ,,r,*, ...ittu, r,r,*.,....a'.44))
*. $rr. t 'r,, .r^ *rl*:l]* .*. rr,,':l)),(,r)
The above eqution is then sinPlificd to get

..("..",[a'.".fi"+d,. ""]1. J,t d, ,t,)

.,t,.',",1,a'.",1J",1,a,... ".11 kd,,t,t )+ ..(d.t + 
",1,' 

a,. d,ll-",t,1 +... a.l !. J,",L,n'...,1, ")
rto)

Equalion (l I n 1hen collocalcd al point r : ri, we obtal.

..r".+qla" *".11*d' + .",11 l** a,,t*

",(".',. ",1',,1' 
* 

". Jl,,a,a, + 
" "f "' l-/** a, 

" 
t

* ,.y"",1." J-:a.*".ll':ad,* -.JJ. J,:d'a," a.,t
t-01- tt' 7 ;), rr 

- 
ir, 

,

where r =,+E:4: ,= 1,2,..., x-r
Itc*., 

"qration 
i)01 gi,* .se lo (N,l ) algebnic sysren equalions ir (N+ t) mk own conslmrs. Ext.a equlsN de th4 obianEd from rhe siven

.",aiti""i 
"ra 

, Lt"r 
-"r 

1fV + t I "rg"t-i" 
tin"* "q*tioni "rc 

rhen obtained * hicL are then solved by I\,1athe'nitica software to obtain rhe valucs

nf ihe ntn.wn constants

D.nonstrltion Of Power S€ries ApProxinrate Solution On Sone Numerical Examples

cnn\ider the second ordq ODE oflhefom

,"+4r,'+81,=0, ,(o)=2,!'lO):2 lEract:e 
1' (2cos2x + 2sin2x))

Using Power Serics Approrination given in eqn (18) for 
'xqP 

N=? *e havo

.r{G) = ,. +.,'+ ,.r'
Arso, inrcgmling eqn (22) ro out"- yi(x) -a /r(r) r"d, ro

v',o=1".,t + 1",,'i, * 1"." a' + 
"'

ta = 11..,1,,k. ll,,r,a* ll,,;' rt .k + c,r + c.

Equations (22), (23) and(24) are then simplified to sivc

rl'(J) = d. + a,r+ d,;

r,:(r="..r1,,,'.j",.' "
t,t I,r(1)= '.' + ',' .-'. *"'t.,

P ringthese equalions inthe given examplele.ds lo

. ra +dir+,.rrr+ara.i-,1",.-i.,,,-",rr'r,1,.,,-i,,,'.i".,'."'.",r=o

41
.i, d.'.',.",l', l "'b'j8'0 

"

Collocatingthis equalion at .n = jrr; k=1,2.3

Journat ofthe Nigerian Association of Malhe tatical Phlsics
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(21)

(22)

(23)

(24)

(25)

(26)

(21)
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I
''. n f.r ':'e'

1
I1i0000 -0l9i.qli r 0.01i5914.+6 000000 -3.000000. =0

ci ir f 'f .r'
"r

,100!01r1! r l l66rr?0r -lr..l53lliir r 3 000000., -3 000000r =0

I I j..,_o'n'18 gi'

r,15001r0r +1.117500r ,I rl59l1lr:+1001r0000 +8 000110(t, -0
Th.n afflyins rr. .ordltions gL!o, in Llre e\annL.. $c ha!.

r.=l

Table ol Errors
Tlble olF-roN For Eaa

Fror of Clreb\shev FFor ofPower Seies

0.0 0 0

0l 470E01 ,1.71 E'01
4.2. r29E02

r89E02 r89[02
0.4 2.10 L 0l 2r1U02

201L02 2.0r Il 02

06 .82 r-r 02 ti2 E 02

07 70 tr 0: 10H02
0.8 60t]02

09 r-r 02 09E02
1.0 7.52 ir 03 75tE0l

0

lt5ELrl

l ,19 E 0.1

I t0 L.0l

(:a)

(ll)

(3:)

llr)
Solving quar,.ns (:9),1l0) ard (I L) aticr r],e subsritulon ofequirions (12) and (I3) b! Gau$ian clminarl'n nrrhod *e obt'ined

d. = :l 61121)1)

P!(ing rhes. ralues in cqn (2r), afier sinplincario i. *c oblalned

'-; ' tr '
\\'hlch i\ dre rFprorirmte solLrtion lor cr\e N-2

$e again consider llrc lbllo\lirg Iigh or,lcr ODE
2 r 'r, 0 r(0)=r(0)=-, 10) 0.r"l0l- l

j , .:,.,-0, ,r0r=l,'(ol=1.,"(o)- l
Itcmxrk
Uie have sohed lhe abolc cianples usiDg lbc sa e metlrod described for eqrLetion (21) for cases \ (i e., \-3, N:'1. \=5 and

N=6) and tle resulis oltain.d are below:
lrhle I liblcotfr!r\lort\anrlnc LIu CrrcN=

hror ofChebvshev Fror ofPower Serics

O,U 0 0

0l 61i0E04
02 1 59 E-03 1.59 E-oi

2 I I E-0:l 2 I I E-o:l

0..1 2.30 E-03 l.l1E-03
05 . 27 F,o:l

2.10 E,03 2.11 E-03

01 1.87 E 0l
0li 1.59 [-03 159Ft 0i
0.9 1.28 E 0l 1.29 E-03

t0

I ihle I T,h..IFtroNF.rl]a,mDle I l_.rCrseN."1
Tallc oIFro.s for lxanrDlc ro. Lase

n

llL !0oEo5
0l

,..-rFLt1 llLlFll.l

l75F0l

.lounrul ofthe Nige.'kul.lssodation t)l Voth?naticat Ph.tsi.s /oltne 13, (SePt. ani Nov., 2017)' Sl 60

55



t !! !1I

I t trgtltcd Col locati o,1,1 lrytoxi ntiot1... Oeun i'tn ontl Ortcttttlt? J. ol NAMP

bLe. Tiblc!rL LoL,FlrE\nnplelF,raI. N=i
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0l

0

:.10 L 05

r40E05

Graph of Comparison
This section contxins the sohrtion curves ofExamples considered
Series ApproxirnalioD Merhod lbr !alues oI I'J :2,3,.1,5,6.

usnig lhe Cliebvshev Approxnnation Method and the Porver

Fig 1: Conparison Graph ofExarnple I for N = 2.
Fig,l: Comparison Graph ofExample I for^":5.

Fig 2: Compaison Graph ofllxample 1 lbrN - 3.

Fig l: Comparison Graph ofE)iample I for N = 4

Fig 5: Conrprrison Graph of Example 1 forN = 6.

.i

l-ig 6: Comparison Graph ofExample I forN:2.

toumaloftheNigeitlnAssociutiotlofMathensticalPlrysicsVolutlte13,(Sept.a.INor.,2017),51 60
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Fig 7: Conparison Graph ofExanple 2 fol N:3. F' r 8: .onta i.on Grnth of E\ample ' ror N r

Fig 9: Comparison GraphofExample2 tbrN = 4 Fig I l: Comparison Graph of Example 3 for N = i

Fig loi Conparison Graph ofExample 2 for N:6. Fig 12: Comparison GrapL ofExample 3 forN = 3.

Fig 13: Comparison Graph ofExampte 3 forN = 4. Fig l4: Comparison Graph ofExample 3 forN:5.

Journol ofthe Nigeia Associatiol of Mathematkal physics volutne 13, (Sept and Nor., 20t 7), 51 60
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Fig 15: Compxrison GrapI oftrrrmptel lbrN = 6.

I)istussion ofRcsults
rables-l 5 show the absoiule cnols ol conrputation tbr Examfle 1 using the Chcbyshev Approximation Mcthod aod po$,cr
Series Mcfiod with N -2,3,,1.5, xnd 6 rcspectivety. Thc absoiule erors *,ere obtamed using ;[e retarion:
Illm. ofChebyshc! = Exncr Chebyshev Approxrlnaiio. Melhod and
lilTor ofPorver Scries Exacr Power Series Meihod,j
rrom Tables I5. it could bc obserled that rhese two nrethods as discLrssed above extiibit tess noisc.nd thus we sa!
co.rpared fxvoLrrably rith rhe exact soluljons at diffe.enl !atucs ofx

Itttt:it'ot.1l ( t'llofitio Affnr.rit otitttt.., Al,ittIn, Ottunnirm and O.letu de J. o{NAMP

Approximrtion Mcrhod and PowerTrbles 6 l0 show the absolule crors ol conuuiarion ibr Exxnrple 2 usinr ttre Chcbyshe!
Ser es Mcthod Nith \ =2.3.4.5. aDd 6 rcspcctively. Thc absotute erors were also obiainerl
liro. ofCheb),shev =rExact alhebyshcv Apprcximrtion lvtethodl and
Error ofPolver Serjes: Exa.t lroucr Series Mr .,od ;
F.om Tablcs 6-10, r1 could be observed rhai lhese hvo mcthods as discussed above
conrpared lavourably rill ihe exad s,rtulio.s rl differenl lalucs ofx.

exhibit less noise and llius we say

lhbles-l I I5 shN dre absolute !uors ofcornlutalion for l:xample I usirg rlrc ChebysLev Approxilnarion Mettrod x.d pou,cr
Series Merhod $.jth N 2.1.,1.5, and 6 respectivety. The absotute errors rvere obtained using tihe retarron;I .'o.,1( \.1(\ LJ, , i.b\.1e. An r.,\r .rdUor \4(r ,o.l .rd
Error olPo\rer Seies: E\ac1- Po'\er Seies Nlethod :

FroDr Tablcs 1l'15, it .o ld be observed that $ese l'vo mcthods as discussed above exhibrr lcss noise e.,t rhLi{ we {xv
conrpared ti\ourably u,ith thc exacr solutrcns ar dllGreut vahLes olx.

Conclurion
In ihe table of re lts fresentcd. lve observed thai rt loser values olN in thc e{amples considered. borh mcrlDds hale $e
same degree ofaccurac) As N iDcreases, better results are xchieved. In the first exampte considcred, power scrics has proven
to be bettcr over Ch.bysne! polynomials due to its ptuximity ro rhe exa soturion fie sccond exaniplc, ir is otse.vcd ltut
Chebvsho'polynomiels convcrye t-asrer thao the power series ar lower vatues of N but at higher vitues, power scrics giveslretter.results The last example has shown the potc:,ry ofclEblshev olcl power seLies as iti rrtc ofc.. versencc is hisher
than rltat fower sc.ies. coDclusively. as the value of N increases in both ;ethods. the answcrs converge more ro rtre exrcr
solulioD dnd berter results ata gotren using Chebyshev polynomiats merlrod

Lll C. Rurse. (lSr)5). Ub.x,iir numerischc Auflosing Vom Dift-erertialgleichungen. Matfi Ann.46(189i) 167 l7S
[:] Choudlrv G 3nd KorLnan P (199t). ComputrhoD ofsofution ofxon t-inear nounaary vatue problerns. Conrpur. Matb.

Appl.22.49-55.
lll Al'Havrni \\'. and casisus L. (1005): Approximare Analytical solution ofFoufth order tsoundarv value prohrenis

\',lcr. A'por rl r,10, r_..d
Geng F. (1009): A Nsv Reproducing Kerner Hirberr space Merhod for sorving Non Linear Fourrh order Boundary
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