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Exponentially Fitted Collocation Method For Solving Singular
Multi-order Fractional Integro Differential Equations

Owolanke, A. 0.,' Uweheren, 0. A.’and Taiwo, 0. A.*

Abstract

This work considered the construction of canonical polynomials and used
as basis functions for the approximation of singular multi-order fractional
integro-differential equations. The idea is that the singular multi-order
problem is slightly perturbed with shifted Chebyshev polynomials, and the
resulting equation is collocated at equally spaced interior points. The
conditions are exponentially fitted with one tau-parameter along with the
unknown constants. This results into a system of linear algebraic equations
which are then solved using Gaussian elimination method to obtain the
unknown parameters involved. Some examples are solved to demonstrate
the effectiveness of the method.

Keywords :Canonical Polynomials, Perturbed Collocatjon Method,
Fractional Integro-Differential Equations.
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highly efficient method of solution. For instance, Taiwo (2000)
investigated the numerical solution of two point boundary value problems
by the application of the Cubic Spline Collocation Method using
exponential fitting, Among other authors that have also adopteq the
technique as method of solution are Raptis (1982), Simos (1999), Simos
(2006), and Daele and Berghe (2007). Thus, in this work, the exppnentnal
fitting with collocation method is introduced to solve' equation (1),
implementing the constructed canonical polynomials as basis functions.

Definition of Relevant Terms

Definition 1. 1: Riemann-Liouville F ractional derivative .

Riemann Liouville fractional derivative denoted by D_07q f(t)is defined as
Follows

B (012 DO = DY g0

.
o F(T;l:&ia:'? “] (;e.f-m)'.'..-..v.-xﬂt)c.ir.qw;m ~1< '!7"‘1"" @
i, 0" = 35 the dativtive pat aikd DE () B st
Deftaition 1.2: Capnto Feaotions! Decivative,
Letm—1 :<='¢=§‘nn;md".vf?€'g : c,mhmgq‘ammm"‘”‘
DRF(EY i dined s Tl |

DI =03 (0] = /DML wimt <q<m

ﬁrf-‘.u [ ~orpnr@lan m-1<q<m =

g [ @ =my N

Definition 1.3: Chebyshev Polynomials

The Chebyshev polynomials belong to a family of orthogonal
polynomials in the interval [~1,1]. They are widely utilized for
their good properties in approximating problems. The Chebyshev
polynomial of the first kind of degree ndenoted by Tn(x) and valid
in [-1,1] is defined as { !
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Aand p_i (i0) are constant parameters, Also, y(x) and g(x) are functions
of X, where x and { are independent variables.
Construction of Canonical Polynomials

Canonical polynomials bas
obtained as follows:
Expanding equation (10
order fractional order int

is function constructed from equation (7) is

) derived from the general singular and multi-

cgro-differential equations stated in equations (7)
and (8), gives
o a? o 1)
(0 4+ po +p, ax PP P )y () = g(x) (1)
such that an operator denoted by L is defined as follows .
2 u’l 12
L=D"+po+plﬁ+pz‘—;&;+~-+pndx-—,‘. (12)

or simply:

{
L=D+ Biop; (13)
Following Lanczos (1956), we defined canonical polynomials @;(x),j = 0, which are
uniql;ely associated with the operator L by

LQy(x)=x/,j=0,1,23,...

: (14)
From equation (12), it follows that:
o) = I'(+1)

e H P PRI 0y S DRI 4 pf G~ 1) = 2) =+
Dxln as)

*
This implies, ! i 5, e b
LILQ ()] = 5 10) () + PoLQ)(6) + DLy (x) + pof — 1) Q) +
Pl =G ~2) .. =7+ 1)LQ;_y(x)

(16)
Hence, taking L™ of both sides of equation (16), lcads to
L7LILQ/ ) = -GS 110, o(8) + Pol L) (6) + PujL L)1 (6) + pa( —
DLTLQu (%) + v+ + pojj — )G —-2)..¢ S DLLQy_n(x)

a7

? o Y

which implies, " h ! ; 1S : :a

* = e e () + PoQ) () + p1jQ)y () HPIU = 1Qp2() + -+ P - 1)G - 3

] g

2)..(=n+1)Q)_n(x) (18) ‘*
Thus, '_ lh‘ I

Qy(x) = :':'[xi ‘,33:3) Qj-a(x) — peQ;(x) FPUQj (%) = P2j( — 1)Q)_y(x) — o — “? ‘
PG =G =2).( =+ 1)Q) )] j 2 0 (19) &
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where, R R DRI

yple) = ll\,f‘)”(n)bull}l(r)t b uyl)y(x)
Y ulr) = 0,0 (x) ¢ TN 2100 K Al ) n 1)
\
yu'™ = ueQu"(x) | wy Qu (2} 1 ) p O™ (*)

(26]

Hence, substituting equation (26) into equation (25) and simplifying gives

D" Qq(x) = Po@uX) + pQ ) Pan(X) + 245 Q) -

2axh! 400 + 7L (1) Laxhq" o)1y + 107 Q (Y + Pi (0 +

1

\ @ () 1o 1 a1 () ) 2ixat)y (x) ;II;O',('X) I f,,h:()"|(’)

lelx;l)"'\(z))ai | e 1 (DO () Polu(x) Py
2

pa " () + 2300 = FAXQ 0O+ ZudQ 0 + Lk ()

f(x) 1oy ty(x) 1 el J(x) 1 rgly 2(E) e e Iy ozl @n
i Fquation (27) 14 collogated sl pomnt x = Z; 0 obta,
(NQo(xy) ! PoQo(2) ! PO G ) Pao(xi) ! 24x,1Qo(z)
\ Az 30" (%) ) Laxde” (0 L AxEQ (x| Py 1 poufx) !
1 01 Q" () + -+ P () + 24X () = Bl () + BAQ 00 =
' LaxQ (a1 ! (P Qy(x) 1 Po@ (%) ! Q) 1!

L @ (X ! ZilxﬁcN(x;) zllxigq':x(x,) 1 :cd.x'ﬁQ" N(xi) 1 :‘z}lxl}Q”"‘.(x‘-')}an -

[ 1t Tn(x) 1t TR- () 1 talp—a(x) Vyemt Ty=ir2 (0

\ (28)
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w}m
' (b-a)l £ dos
Xi= A4 2 Wi fe=to 2y oy W

the perturticd collogation method with wxpanetial fitting, sn approximstion o, tie condiions 15
nouhr Ly addhx; re™ 1o eqquition (8); thar is

W= Tye" . 29)
(g
Jr,,""(a)-r'r,,e"n.a,x k=01u,n~1 (30)

s obiwined, Thus, equations (28) e (30) eives (N + 11+ 1) algebriic-oquations: i (¥ + 1 +
1) uoknown constants @y @y, Gy, Gy, Ty, 3., Ty to oblin 3 single polynomial
Y= yy () +yy'(x); asxSY, (3y)

Therefors, equation 631-)-&‘-mcmpiwdmxinﬁnn-nm'. |
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7

Numerical Experiments and Discussion

To illustrate the performance of the presented method, two numerical

examples are considered in this section.

Problem 1: Consider a singular multi-order fractional integro-differential

equation ofthe form

vitial eqiuation. of e fom

¥ d J’(ﬁ) f ¥ ‘,,,““7;.,;&#+muqcsax”

D".

f}:‘gwuua. [ EXE3] @2
sp_bmm the condiﬁons;
#(0) = 0,y'(@) =0 ‘, : (33)

The exact solution is given ag. y(x) =%+ >

3 d &
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1"0‘“(“ 1! c
+Lonsider  giy)
ENIar b order fractional megro-differemial squation of e form
2,79 x
ym ¢ 9 ¥(x)
dxzas tay(x) +I t}}?‘{“"" 412 4 %&4 £.61957590020 75,
0

: N 02x%) (34)
! subjoct 1o the itaditions :

Y(©) =0, y(0)=0, y"(0) =0

(3%)
The exket solution is y(x) = x?

Tables of Results and Graphical Representations
Table (i) :

Absolute Errors of Problem 1 for case N =8

x Exact Solution Approximate Solution Absolute Error
0.000 0.00000000 0.000000000 0.0000000
0.100 0.01010000 0.010099998 _1291IE =09
0.200 0.04160000 0.041599998 2.0010E —09
0.300 0.09810000 0.098099973 2.6614E —08
0.400 0.18560000 0.185599959 4.0101E —08
0.500 0.31250000 0.312499957 4.2119E —08
0.600 0.48960000 0.489599950 4.9991E —08
0.700 0.73010000 0.730099950 5.0010E —08
0.800 1.04960000 1.049599581 4.1935E —07
0.900 1.46610000 1.466099500 4.9989E —07
1.000 2.00000000 1.999999437 5.6292E —07
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Figure 1: The Graph of the Approximate and Exact Solution for Problem 1
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Figure 2: The Graph of the Approximate and Exact Solution for Problem 2










