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INTRODUCTION
Iet X = {x1,x2,x3,',-,-,x^} be a set of 'n points in Ep' where q'i = 1'2'3"" 'T

.r" nrup*a"ri -a*ia.toilv'--ai*rltrea muhi\Eriat€ mrml IY,q.:D- The usual

Mar&n; Likelihood Esrim3te (MLE) mff of estimdingp md E 8€ &e sample mean

vectormd sample cov?riarce mdix i mdS tcspedively as
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Covariance mffiix plays a prominent role in multivaride d& analysis. It measures the
spead of fte individual variables as well as level of inter.relntionship (intercorrelation) that
may exist betwe€Nr pairs of the vebbles in 6e nultirruiate de- The statistic is usgd in
many multivari*e techiques as a nrcasnrr€ of ryead md intercorelation among variables.
Such tecbniques hclude multivaiate regression nodel, Principal Component and Factor
Analyses, Canonical Correlatio4 and Linear Discriminant and even in Muttivariate
Swistical Pnocess Contnol (MSPC).

It is well lnom that the Maximum Likelibod Estince (Ir,tr E) method can be very
sensitive to devidions from the assumetions qade on the dm, in particular, to
unexpected outliers in the data (Vandev and Ngftov 2000). To overcome this problem,
many robust altematives to Maximun Lftelihood Estimator (It I^E) have been
developed in recent years. All the methods converged on tackling the problem ofrobust
estimation by finding a sufficiently large subset of uncontaminated (free of outliers) of
the data Such subset will be nainly elements of the true population and estimation is
then based on this subeet.

When the estimate of the oovariance meix of a multivariate data is not robust
(Bias€d) it often times renders the tochnique on the analysis it is used for to be
inconsistent and in most cases found to be unreliable. For instance, in Multivariate
Control chart like Hstelling f chart, rvhere the presence of multiple outliers can affect
the estimation of the covariance matrix using Morimum Lftelihood Estimation (MtE)
method to th€ extent thEt all the outliers will go undetected by the chart (Vargas 2003).
The same effect can be experienced in other analyses like Principal Component and
Factor analysis and other multivarire techniqrrcs.

Outliers can heavity influence the estimation of tbe covarimce matrix I and
subsequently the paramcters or statistics that re needed to be derived from ir Hence a
robust estimat€ of the covariance natrix that will not be affected by outliers is required
te obtain valid and reliable rcsults (tlubcrt and Engeleq 2007). There have bccn many
robust methods of estimating the covariance matrix of a multivariate data. Such
msthods include Minimum Volume Ellipsoid (MVE), Minimum Covariance
Det€rminant (MCD), S-Estimator, M-Estimator and Orthogonalized Gnanadesikan-
Kettering (OGK) methods.

I. ROBUST METIIODS

LT. MIIIIMUM VOLUUT', TTT.TPIN)ID @IVE)
The Minimum Volume Ellipsoid (MVE) estimator is first proposed by Rousseeuw

(1984). It has been shdid extensively for non-control cbart seEings and frequently used in
detection of multivaride otrliers. The estimation seeks to find the ellipsoid 6f minimum
volume that coven a sbaet of at leas h data poinB. The subset of size h is cdled halftet
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becarse h is often chosen to be just more than half of fh9 m data points^' The location

estindor is te g€ome,trical center of the ellipcoid and the estimatrrr of the variance-

;r*ifu rdi)( dcfning fte ellipsoid iself muhiplied by an appropriate constant to

"*.* 
consisffiy (Rog*ipuw a"d 

"u" 
Zoneren (1990)' Rousseeuw and van Zomeren

(1991), md Rocke and Woodnrfr (1998)).
Assuming that we have a muhivariate dab s€t containing m samples, t{, 5 sto}Er'

In omd€f O itve ihe IVIVE Fobl€m wp need to obtain a pqp positive definite matrix

V eW* d tbe o.m" of Se ellipeoid t so as to maximize det(C-l) subject to

(x1- t)r C-L(zr - t) < p Cfinerinelon' l97t''--' 
Th" ftfVe fLrhe &b..t [t ]8, m'st go ftrough at least p +-1 and at most h support

,".t** fhr t" Urfe cfifri; Jf tr bcaion ana aispersion do not correspond to the

s@lc ffi vector md smple variance-covariamce matdx of a particular halft€t" For more

dd61gd disctrssim o IvfVE one nay see Daves (1987), Loptrhaa and Rousseeuw (1991)'

riueringtm (lyrs) and (Aeuno' 1996).

rE MIT{IMI'M CIOVARIANCE DETERMINANT (MCD)

An alternative high breakdown estimation procedure to the MVE is an estimator

Ur"a oo the Miirimgi Covariance Dercrminanl (MCD), whbh was first proposed by

io**"* (1984). tt is obtained by finding the halfset of multivariate data points-that

;;th; rioitoh vahe of Oe Aaerninmt of the covariance matrix' The resulting

ltirutot of location is tbs sample Eean vcctor of fte points that is the halfset and the

;i-rtot of the dispersion is the sample covariaoce matrix offhe points multiplied by

an aooropriate constant to ensure consistency just a3 wEs done for MVE-* 
Tt"-'ffib-.-rhd*r arc inaritively 

-aipeating 
because a small value of the

deterninant cql€seonds b near linear dependencies of the data in the pdimensional

$'. Thd is bdusc a small Oet€rminait corresponds to a small eigenvalue-which

;G6569 a near linear dependency that suggests that there is a group of points that are

similar to each o&er (Jens€n a al- 2W2).

Let p < ml2,let X -1-fx1,r2,xz,-,-,-,xpi be a set of n points in Ep' Let h be a

natural number, nlz < h-< m. The Minimum Covariance Determinant problem for

X a n d h , M C D f o r s h o r t , i s t h e p r o b l e m t o f i n d a n h - e l e m e n t s s e t
yh = {xs,rp,-,-,-,r'url € X such that det(Xtr) is minimal overall }-element sets' The

,-pitdi'"r"-i-o -uFo C(Xh),with minimal determinant yields a robust estimate S

or'oe scatter matri:q with s=-s(xtr) = coc(xtr) c6 is a suitably chosen

"oort*t 
to achieve 

"o*i"rco"y. 
The estimate of the location parameter is given as;

.  1 r
t=t(X")== ) : of all the h points in the set Xh. The pair(t,S)is called the

n l-t
reXa

MCD+scimate wift resPect to X.
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2. TIIE PROPOSED ROBUST METHOD (pRM)
Given apdimensioual murtivariate nonnal dataxp'-with m observations {4}pr. our

interest is to obtain a subset of {ri}Er of size 1, = p-i teat \dlr satiss, s".e ffiamycriteria Therefore we sample without replacement a samph of size k fiom m, this wilt give
Cfir possible subsets of size p + L,r1t,x1z,-,-,-,x!p+,,{rrJofr.If we denote each subset
by Jr j=L,2," ' ,ct+t.

For each Ii, we estimate the variance-covariance matrix c, = L(xi - x)(rJ - *),
andforeachofthep'pmatrix Cpt\echaracteristicT6cd;r,i.,i* €1r,€12,_,_,_,e1,p
are obtained and ftom such eigenvalues we calcurare the folbwing oefinarity criteri4
Ea = The Minimum of the minimum eigenvalues. E4 = min{min e;}

Ep =Tha Minirnum ofthe product ofthe eigenvalues.

Es = The Minimum ofthe harmonic mean ofthe eigenvahns.

calculate the Mahalanobis distances for all the m observations usinge and s. as
d l=(x r -e )s . - t (a -e) r

The d12 (i = 1,2,3,,,n) is arranged in cnderofmagnrode fimfte leastto &ehighcst

The objective is to obtain, data points (p + 1) such that its variance-covariance matrixwill mtisfr all the three optirnatity ctiteria such covarianc. .utri" will be inflated ordeflated to accommodate good data points among the obserrred data. The resuhing variance.covariance matrix is then multiplied by a constani or **irt"o.v.- 
-

2.T" THE ALCORITHM T'OROBTAIITING TIM PROFOSED METIIOD
L.et X =,.t\,x2,xs,-r-,-,xm) be a set of m points in np. Let i be a natural number

sucht la t^ /Z<h<m.

l' we select p + 1 daa points {4, x2, -, -, -, 4*t} fu sdisry fu fuee oprnality cdt€ri:L
2. Use such p + 1 dafia points to obtain the cenbr and yarinceorartmce nafiix

-  1 1  1'' = 
u * ,ari' and s. = 

;fr(r. 
- r, )(r. - r.)r respectively.

," = *,,,{fI",}
*=* " [ " , . ]
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Tbe first p+j (j = 2,3,4,,,, h-p-t) dim are sehct€d and their
oonesponaing saryle mits (poims) re used to conErte the nent i. md s, as follows:
-  1 r  lr' =;77/xr ud s. :;1;(r, -&Xr. -i,)r respectively.

Tbc rery g ofi. md & ue thn us€dto obtain tre lvfabalanobis distances for all the
otsrdi(n.

7 - $Eps 4' 5' ad 6 are repated rmtil fte number of rmib selwted ;s 6 = n+p31.

t. Tb propoced robust estimaton are the,n give,n as ip,op =il.r and
i=l

sprop:itt -aXr.-t )r where x. = {4,x2,-,-r-,xn}.

3. FACTORANALYSF
Frcttr amlysis is ander area of apliruirn of cormime ndix in muftivarioe &ta

qntysil FaftqAn?rysq is a ffidardEchi<p in nultinab mab/sb which is rorrinely gsed
in sdal md behn'ioural Try {nostespeclatty wh€od€aling-wiehign dimensiona Am
(Kramr, l9T2). Tb ry" pgl of frctr ml)lsis is O srnrr"aire c exptain the variable
stnrc0r€ in the obE€rv€d vcbbhs in bms of tbe underlire ldent \reiabbs. These obsenable
vaiables se beliewd to be higfuly curelmd CIfu, lgSt

Given apvariale multivariate nmmal random variablesxl,x2,xs,-,-,-,xp,xi e np,
that is xp-NQr'E) factor analysis will obtain a [ < p rmobserv$le or latent variables
ft,fz,fg,-,-,-,[ which are called frctors and are linked with the original variables
ercug! the eqqation

X = t t F * c (3.1)
X is as defnod ecliern A is a (pr&) natrix of frctor ldings, bo& F and s arc vecrors of
frcton (late'nt c unobaennble variable) md sror terms respctively (see Timm, l9g7).

Equation (3.1) can be unificn in an explicit form as follows;

h = kJt + 1r2f2 + 7a3f3+,- - -,*7a2f2 * c1
Xt = lztft + lzzfz + l6fs+,- - -,*/.21fy + e2

. : : : :
Xp = \tft + 4"fr+fpe6+.- - -.*Le*h + ee

The error t€rrtrs t1rt2,gs,- - -,tp are independent but
{ttu{2,*l- - -,9p rcspoctively. Other assumptions of
{.(f) : !(e) 

= 0 and Cor{e) = rp, u&erc 0 is a diagonal
diagonal the specific variances. Also e d F ue independent

Q.2)

with specific variances
the model are that

matrix containing on its
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3.T. f,IITIMATION OF PANAMEIERS

From eqgation (3.1), me n€eds to estimale bo& Add a, rvhich cm be ob@ined by

decoryosingfu vaioecovaire neix E as follows:

E = A A 1 + Y (3.3)

If fu rffi vaiablcs X1,X2,Xs"-,-,',Xp ae sbdadire4 6fn fu correlafiion malrix

R b tls€d in pbcc of L In fr'tc mlFis' tb Qioctive 1" 1e firrd fu estimdes fi and 9

sdisrying fucmdition thc fi lV-lfi b dforgmalised- thd is'

S=fr f r l+9
Givcn m estimde of A it b ffial to sct

(3.4)

t
^  { 1 _

fiu= su-Lfir, i = 1,2,3,-,-,-, pi j = 1,2,3,-,-,-,k (3.5)

J=t

sothdtbed&rgpal@ix filV-1fi hob€xdly. S€fiingE = 5 = fifil + 9,ttg
u

6a = su -Lnt *A, (3'6)
l=l

If the condrb nmix b usG4 ltEn fu nodet b srih as

R : fifil + 9 mO equAim (3.6) bocmcs ifru = I -E'j=rfrt, since the diagonal elements

ofR is 1.
There ae \rei6r1rs metrods of estin*ing the pcm#s A d q', S€se Mods

inchde pincipal compo€ot, nuinm lilclfrooq pbcipal @ ffi ryg
otrers. Gramer, 1972; Nqrran, l9fD. Principal cotnpfl€'d dod is usd in 6is work

32. PRINCIPAL OOMFONENT METHOTD
The melhod mak€s use of prircipal oompmt ilatysis appoach in extracting the

facttrs. Suppose the vaiables bave been fuardired such thA 6€ scafi€r natrix is

€stimaf€d 6y Oe correldim mdix R. To ohin the estim*es of A and V, that is the

Earices of ftctm loadineF and spccift vairne6 rWectivety based gn a sryle of n

ob6€rvatioms oftte pvai*e muhivuiatc mmal distrfrrnirn We csme tbat k, the number

of frctcs andareasmble initial eSimAe I of Y ue available. Then we let

R-% =fio4 (3.7)

Equdion (3J) b called r€&rced correh1ln natrix beca;3e fu l's in fu diagpnal mtix bare

G rc,pfaaed by tre esimrcrl cmmrmalifk;s. Replrcing n -% by Rr knorrn as r€dped

cone}nim nmn(, eqtldim (3.7, $rygpgs lbd a mmix fro 6t lsrmrl rning Fcipat oorym€'rll

malysis srch thd Rr = no&r. Ir,fdix f,o is mndUy solviry tbe dmninmt eqtratian
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l& - d'Il = 0 which YreHs fio = Pal

where p conbinsthe firstkeigenvectusof R' suchthat &Pi =1 for; = j and 0 for

i + j,and A is a diagonal."ttl- of the eigenvalues or R'- Repeated principal factoring

".olo"a 
an iterative prooess. Having used 9s to calculate fis, we comput€ new

e, =bag1n- n"e) which is a new estimate for Y1. Then equation (1.07) becomes R -

g, = aR. The Fncipal conpon€Nrt aoab/sis is applied reeeateov mtil the estimates for

bofihof Aaod rt' oo{rverge.-l 
a[ classical gaor -"tytlr me$o<b, the varimce-covariance matrix I (or the

"*ld- 
ffiix R) b estimoed by rhe saryle covariancc marix s. It is this estimate that

J 0"..ry"".0 to ohin Oe csirnes of A md Y. It is however known that outliers can

br-ity;f,r*. tb estin*kn of thc vuimcGcovariance n8trix I and consequently the

..Cn;o of.A od rg. h ad€rto nEoove the influence of outliers in the frctor analysis, a

r"b,r* neitod of estinding fre varirreovrriance matrk is inevitable.
Tv,o of 6c mo6t *lO"tV ced rchrst nefrods of estim*ing thrc variance-covariance

,ft 
"f 

*U,rrirc O"it wt6 uc Minimum Volume Ellipsoid and- Minimum

c"r*i* Degminant ae omparcd with the propos€d and classical me{hods when

.ryfoyuA in esim*ing the variancecovariance mairix in factor analysis.

33 SIMTII,ATION AND COMPARIIION
nr*,r.itg we have a multivariate dsta set with mmber of observations n = 100 and

wittrnumUer-oftariOto ? = SsilchthdX5-lf(p,E),wherep= [0 0- - 0]t andEis

*i*o**iu"* Dafik The dda are then contaminated with outlien at differernt

ffi"g6 and magnihrde. At cach s€fihg 1000 mmples are simulated. Factor analysis is

lr* 
"*i 

to €rcract [ = 2 factors based m &e varianceovariance mahix estimated by;

- Classical method.
- Minimurn Volume EtliPsoid
- MininumCovarianceDeterminmt
- PrqcedRobusfMethod

The restrhing frctc amlyses re then called MVE-bctor analysis, MCD-factor analysis,

CLsicat t"tor -"tl"is, 
-and 

Propoced frctor analysis respectively. If we denote L € ns"2

-A U e gts as fte frctd loadings and unique variances of the hctor analysis respectively,

A* 4o) ensxz and UIo) e_Tt gr q: frctor_loadings_and unique variances of the

uncontaminated data While If;:,14',I*3 and lz;'egi'"tt are the factor loadings and

IIXv,tnr,UX" g[ldUf;4 ey.s are$e unique variances of the disturbed (contaminated) data

*Lg l*fuE, MCD, Pnoposed md Classical frctor analyses respectively.

Sd 1trg fouOiogs mffix is only determined up to an orthogonal matix, we consider the

pg matrix A,_et-h where {O€ff)(40))' will be for undistnrted data and
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Af; e th?.'f;)' for the contaminated data- We shatt sompa€ tb elements a!1 of Af;with the**yi9g_!lorae nahix rlof 'he rmdis*bed de by cmntring tbe mean squarederror (MSE) of the estimales;

1 \q -  -
MsE(a1) =;Lb?;^ - ol)' ror ij = 1,2,3,-,-,-,p

t=1

fire arrerage MSE is therefore MSE(I) = ji,i,urr1"S
P-fri,f=,

Similarly, forthe square root ofthe unique variances lll,w'compute

use(u,)=*[(tr"- @'
And the average MSE is MSE(U)= 

*i Ust(U,), where,l = 1,2,3,-, -,-,pef=i
since we have sst the lumber of observations-1o be 100 (n = x00), we intnoduce into thedata 5n 10, 15,20,25 and 30 representing so/o, rovo, t\ir" ,zili'zs% and30% outriersrespectivety' The levels or magnihrdes of outliers,o"a'o Jffi, ii, * 27$o wherc pis the number of variabres and a: 0.95. The r€$rts f". dtfr';;rturd", are shown inTables I to 6.

4. DISCUSSION OF'RESULTS AND CONCLUSIONS
The mean square errors (MSE) of factor loadings and unique variances of classicalfactor analysis are found to be smaller than ft6ss oti"y otner-fiL-approaches to factor

Pa 
used when the magnitude of outlier irtd;;J; the data is sman

(4n* = 3'33)' For varying level of contamination, the classical approached wil be
preforred for small maqritude of outlier, because of its relatively smaller mean sq,areerror fiigures I and 4; Tables l and 4), For larger values or ouiii"rs (rir*-= 1fi9 

";Zxl,o.rs = 22-1.8), the other three methods; MVE- ad McD. ad proposed-factor
analyses have the mean squane error of their frctor loadin; and unique varian@ssmaller rhan the classical 

-ftg9r analysis at 
"rriour-i"r"* 

(percentages) of
::"qrgt1n (see Figures2,3,5 & 6 and iables i, g]-[i]'-'--
Ilcaphp,infcrod from the 

rypaer-olhoposed method ;;,p"t* bvourably well withthe odstingrobust methods (McD and rvrve) when,il;ffit orilliers and even for
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lrge sizes of outliers. Thougb, the chical frctor anatysis is fre best for fewer and smaller
1T of o4ptb poposed ffid perforned u.md thao tre otner two robust methods(IvfvE md McD) taa,'eits *do;quarc errors for uoo ractr naaings and 'niquevuiances u€ l€ssrhq any oftretwon&ods.

T$1c3. Thc Mril Sqrrrc Error of F.cior t cdilgr wbcn tic ocntr,c i, 2r;aes

9
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