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CONSIDERING THE DEPTH OF RECURSION IN COMPLEXITY MEASUREMENT

Abstract

Recursion is exemplified when a function is defined in terms of simpler often smaller versions of
itself. The solution to the problem is then devised by combining the solutions obtained from the
simpler versions of the problem. However, this implicit computation is often not considered when
measuring the complexity of algorithms, thus resulting in incorrect computed complexity. In this
study. the depth of recursion in recursive functions is considered and invoked in computing
analytically the complexity of algorithms. Our results show that contrary to the traditional belief, a
recursive function is more complex than its cquivalent non-recursive counterpart.
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1. Introduction

Computer Scientisls are usually tantalized when told that something cannot be done. Once
researchers began 1o identify problems that are unsolvable in the sense that they have no
algorithmic solutions, others began to study these problems to try to understand their complexity.
Today, this ficld of research is a major part of the subject known as recursive function theory, and
much has been learned about these super-difficult problems. Indeed, just as mathematicians have
developed number systems that reveal quantitative levels beyond infinity, recursive [unction
theorists have uncovered multiple levels of complexity within problems that exist well beyond the
capabilities of algorithms. The ability of a function to call itself is called recursion. The use of
recursion is particularly convenient for those problems that can be defined in naturally recursive
terms, though such problems can be programmed using non-recursive technigues.

2. Formal definition

To deline a set of objects recursively, we identify a few core objects as belonging (o the set and
give rules showing how to build new set of elements from old. More formally. a recursive
definition for a set consists of the following two componcents:

(1) Base: A statement that certain clements belong to the set.

(i) Inductive step: A collection of rules indicating how to form new set of objects from those
already known.

A sequence is recursively defined il certain values are specified and later terms of the sequence
are defined by relating them to a fixed number of earlier terms.

The following problem posed by Fibonacci in 1902 is a good example of recursive functions:
A single pair of rabbits (male and female) is born at the beginning of a year. Assume the
following conditions:

(1) Rabbit pairs are not fertile during their first month of life but thereafter give birth to one
new male and female pair at the end of every month
(i)  No deaths occur during the year.

Then how many rabbits will there be at the end of the year?

Using recursion we fashion out a solution in terms ol how many rabbit pairs there were at the end
of previous months.

--------- k—4,k=3,k-2,k- 1 upto present month k.
We find that the number of rabbit pairs born at the end of month k is the same as the number of
rabbit pairs alive at the end of month k - 2. This is because it is exactly the rabbit pairs that were
alive at the end of month k — 2 that were fertile during month K. The rabbits born at the end of the
month k — 1 were not. At the end of the year, that is, end of the 12" month, there will be 233
rahbit pairs and so the original pair produced 232 additional pairs.
The following recursive algorithm solves the problem
If N =1 then Fibonumber = |
Elsc
If N = 2 then Fibonumber = |
[lse
Fibonumber = Fibonumber (N-1) + Fibonumber (N-2)

3
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Other examples of recursive functions include Factorial function, Towers of Hanoi. and
Ackermann function. Many recursive functions can be translated 1o non-recursive functions. An
exception is perhaps the Ackermann function which is too complex to evaluate on any but a
trivial function. The Ackermann function is a function with two arguments each of which can be
assigned any non-negative integer: 0, 1,2, ....... This function is defined as follows:

(@) Ifm =0, then A(m,n) = n+1

(®) Ifm < 0 but n=0, then A(m,n) = A(m-1, 1)

(¢) ifm < 0and n<> 0 then A(m, n)=A(m -1, A(m, n -1))

The value of A(1,3) is calculated as lollows, resulting in 15 steps:
(1) A(L3) = A0, A(1,2))

(2) A(1,2) = A(0, A(1,1)

(3) A(1.1) = A(0, A(1,0)

(4) A(1,0) = A(0,1)

(5) A(O)=141=2
(6) AQL0)=2

(7 A(1,1)=A(0,2)

(8) A02)=241=3

9) A(lL1)=3

(10)  A(1,2)=A(0,3)

(1 A(03)=3+1=4

(12)  A(12)=4

(13)  A(1,3)= A(0,4)

(14) A(04)=4+1=5
(15)  A(1,3)=5

The fonward indention indicates that we are postponing an evaluation and are recalling the definition,
and the backward indention indicates that we are backtracking,

Generally speaking, the Ackermann function is too complex to evaluate on any but a trivial function.
We observe from the case of A(1,3) how complicated the recursion part ol a definition could be.

One example application of recursion is in parsers for programming languages. The great usefulness
of recursion is that an infinite set of possible sentences, designs or other data can be defined, parsed
or produced by a finite computer program. The main advantage of recursion is usually its simplicity

of expression; while the main disadvantage is ofien that the algorithm may require large amount of
memory if the depth of the recursion is very large.

Consequent upon this disadvantage coupled with the seeming simplicity in expressing recursive

{unctions, the results obtained when computing the complexity of recursive functions are often times
inaccurate and far less than what the complexity is really.

A common method of simplification is to divide a problem into sub-problems of the same type. This
is called divide-and-conquer strategy in programming technique; and is the key to the design of many

important algorithms. Divide-and-conquer serves as a top-down approach to problem solving, where
problems are solved by solving smaller and smaller instances.
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L. The Recursion theorem

I set theory, this is a theorem guaranteeing that recursively defined functions exist, Given a set v, an
clement a of v and a function ’
[+ X =X, the theorem states that there is

a unique function F:N = X (w
natural numbers including zero) such that

here N denotes the sel of

F) = a
Fn+1) = f(F(n)) For any natural number n.
Proof of uniquencss
L.etus take two functions F:N - X and
G:N = X such that
F(0) =
G(0) =

Fin+1) = f(F(n))
Gn+1) = f(G(n))

where a is an element of x
It can be proved by mathematical induction that F(n) =G(n) for all natural numbers »
Base case: F(0) == G(0) so the cquality holds for n=0
Inductive step: Suppose F(k) = G (k) for some k € N then
Fle+1) = f(F()) = F(GUD)) = Gk + 1)
Hence F(I) = G(k) implies F(k + 1) = G(k + 1)
By induction, F(n) = G(n) foralln € N
4. Motivation for computing the complexity of recursive procedure
From the definition and illustrations of recursion stated above, we observe the following about
recursive procedure:
(1) It is deceptively simple to model
(ii) It has the samc computational complexity as a simplc sequential proccdur:c
(iii) ~ From (ii), it lcads to crroncous result cither in measuring the creativity of the programmer
or in its contribution to the totality of soflware complexity. o o
Arising from these observations, there is need lo p}Jl recursion in its proper perspective in algorithmic
process. And this is what this paper sets out to achieve.

5: The case of the depth of recursion

I _ , |
In the process of algorithm dcsign,.lll:c u;c 0{, (::::Tc:urvs::ﬁzallr;dlhciht;arrlgcil:;?;sl (:111' at:cb{:c?;?or:;: E;
incvi i m has 3 ) ‘
'”CV"""?'C' ?"Ca(i zri:::z:lr?:; aﬂr:gcoqulllivlalcnl one which uses only iteration. The followin‘g, 1:ecur5{lve
”3”51'3“"9 - idered in this study and the resulls obtained are presented bellow. Faclorial,
'-““‘3“0“5' e consre (; Towers of Hanoi. Pseudocodes are designed for the functions from both
Fihonacm: ACken'“an: . erspectives and the Halstead's metrics are computed as shown below. The
“l": "fcu]rsw{: ?::,:le:-,dzu\]:, pNzan their derivatives are computed, tabulated and analysed.

classical metr 1. M2, Ny,

- il

PRI |
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(a)  FACTORIAL FUNCTION
Recursive

FACTORIAL (FACT, R)

I. 1f R=0, then: Set FACT: =1, and Return
2. Call FACTORIAL (FACT, R-1).

3.Set FACT: =R *FACT.

4. Return.

Result

n =4 (= =-%

ns= 35 (R-1, FACT, 1, 0, R)
Ny =35

V=N logz n
V=16log,9

V=16%* (Iog 10 9 / log 10 2)
V=16 *¥(0.954/0.30102)
V= 16*(3.169)

V=150.704

Non-Recursive
FACTORIAL (FACT, R)
| If R=0, then: Set FACT: =|, and Return
7 Set FACT: =1 [Initializes FACT for loop]
3. Repeat for K= 110 R

Set FACT: =K * FACT

[End of loop]
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4. Return

Result
m=3(=-"%
n =5 (R, 0, FACT, 1, K)
N =6
Ny =12
V=N logyn
V=181log,8
V=18 * (log 10 8/ log 102)
V=18 *(0903/0.30102)
V=18 *(3)

V=35

()  FIBONACCI SEQUENCE
Recursive
FIBONACCI (FIB, F)
1. I F=0 or F=1, then: Set FIB: =F, and Relurn
2. Call FIBONACCI (FIBA, F-2).
3. Call FIBONACCI (FIBB, F-1).
4. Set FIB: = FIBA + FIBB.

5. Return.

Resull

n =5 thatis (=, : =, 4, - or).

ny= 9 that is (FIBA, FIBB, F-2, F-1, FIB. 0, 1. 2, F)

N|=8

e A N ST
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N7

1he volime of this procedure is

Vo Nlogin
Voo 23 logy 14

V25 (log o 1 log e 2)
Ve 251 146/0.30102)

V- 28 *(AR0T)

V= 98,17,

Non-Recursive
LACE-0 o F=l, then: Set FIB: = F, and Return.
2. Set FIBAL = 0,
LSetFI = 1,
4. Repeat for k= 1 1o V-1
TEMP: = il
FIBB: = FIBA+TEMP
FIBA: =TEMP
SO = 1138
6. Return
Result
ny =3 (==, +, -, 0or)
n: — 9 (FIBA, FIBB, K, TEMP, FIB, 0, 1, 2, F)
Ny =13
N2=24
So the volume is

V=N logan
V-=37log, |4

V=37* (log o 14 /og 10 2)
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v AL G000
V=37 *(3.807)

v ORS

() ACKERMANN FUNCTION

Recursive

ACKERMANN (Aym,e)

Lm0 then: Set A (m,¢) = eV T and Return

Y e Oand m /0 then: Call ACKERMANN (A (m, ¢). (A (m-1, 1)) and Return

om0 and ¢ o O then: Call ACKERMANN (A (m, ¢), (A ((m-1), ACKERMANN (m. c- 1))

A4, Return,

Resull

ny = 6 (==, =, ki, and)

na o 7(m, 00 AL L c, m-1,c-1)
Ny 12

Ny 34

Ve Nlogan

V- 46*(log o 137108 10 2)
V46 ¥ (1.1139/0,30102)
V- 46%3.7004

V-=170.218

Non-Recursive
INTEGER FUNCTION Q (m, c)
INTEGER m, ¢, VAL (m, ¢)

Wt (m, 111, 0R.c.1.T.1) GO TO 70
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NDOGOK -1,m

DO SOL=], ¢

(K Q. 1L OR, L, EQ. 1) GOTO 40
I (K-L) 10, 20, 30

10 VAL (K. L) = VAL (K, K)
GO 1O 50

20 VAL (K, L) = 1 1 VAL (K, K-1)
GO0 50

30 VAL (K, L) = VAL (K, L-1) + VAL (K-L, L)
GO TO 50

a0 VAL (K, L) =

50 CONTINUE

60 CONTINUE
Q=VAL (m,¢)
RETURN

70 WRITE (6, 1000) m, ¢

1000 FORMAT (“IMPROPER ARGUMENTS")

RETURN
END

Result

m =6 (LT, OR, =,-, +, EQ)

n=9(m, ¢, K, L, K-L,, K-1, L-1, Q, VAL)

Ny~ 19
N; =54 Y
V=N logan

V- T73*(log 10 15/log 10 2)

V=T3%(1.176/ 0.30102)

10
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o TA*I 006

V= 285,138

) TOWERS OF HANOI1

Recursive
TOWER (T. BEG,AUX, END)
1.1 T=1. then:
(@)Write: BEG — END.
(b) Rewurn.
|nd of if structure)

. [Move T-1, disks from peg BEG to peg AUX]
Call TOWER (T-1. BEG. END. AUX).

[FP]

. Wnite: BEG —» END.

den

. |Move T-1 disks from peg AUX Lo peg END.]

Call TOWER (T-1, AUX. BEG, END).

5. Return.

Result

=3 )

n-= 6(END, AUX. BEG, T-1, T, 1)
N, =3

N:= 14

V=N logan

V=17 log 8

V=17 *(log 1y 8/log 102)
V=17#(0.903/0.30102)

V= 17*3)

11
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Non-Recursive
0. TOWER (T, BEG, AUX, END)
1. Set TOP: = NULL
I £ T=1, then:
Write: BEG —» IEND.
GO 10 step3

[End of if structure]
2. [Translation of “Call TOWER (T-1, BEG, END, AUX).”

[Push current values and new return address onto stacks.]

Set TOP :=TQP +1],

Set STN[TOP] =T, STBEG[TOP]:=BEG,
STAUX[TOP]:= AUX, STEND[TOP]:=IEND,
STADD[TOP]:= 3.
[Reset parameters.]
Set T:=T-1, BEG :=BEG, AUX:=END,END := AUX.
Gotostep 1.

3. Write : BEG —» END.

4. [Translation of “Cal| TOWER(T-1, AUX,BEG,END).”]

[Push current values and new return address onto stacks. |

Set TOP := TOP +],
Set STN[TOP] := T, STBEG|TOP]:=BEG,
STAUX|[TOP]:= AUX, STEND[TOP]:=END,
STADD[TOP]:= 3.

[Resel parameler. |

Set T:=T-1, BEG =AUX, AUX:= BEG. END := END.

12
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Goto step 1.
5.[Translation Of“Relurn"’]
If TOP := NULL., then: Réturn,

[Restore top values on stacks.]

Set T:= STN[TOP), BEG:= STBEG [TOP),
AUX:= STAUX|TOP] , STEND|TOP],
ADD := STADD[TOP],

Set TOP := TOP -1,

Go to Step ADD.
Result
m= 4(::-:=:_ 1+)

n; = 15 (BEG,AUX,END,ADD, T,TOP,5,1,3 NULL,STN,STAUX,STEND,STADD,STBEG)
N;=31

Na= 61

V=N logan

V=92 log, 19

V=92 *(log 10 19/log 1o 2)
V=02%(1.278/0.30102)
V=02%(4.246)

V=390.632

Table | summarizes the above.

13
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Table 13 Analysis of Results of Recursive and Nop - Ree

| ) ursive Functiong

| Recursive " TNon liééu'EiFe*"'*"“"'“]
Factorial 130,704 54—
Fibone (0517 B —
li?:\ckcrm:mn 170.218 285138 ]
;To\\crsol‘Hunoi 51 390.632

L

The complexities for both the recursive

and non-recursive versions of the functions are
using Halstead's metrics as show

compiled
n above. The computation shows that in all cases, recursive
computations are more efTicient. However., this conclusion is erroneo

us as it does not take into
consideration the complexity of the translation process from recursion (o non-recursion. The process
of translating recursion to iteration cntails:

* creation of linked list. and the use of stack or

¢ the use of array.

Apparently, the complexity of the process is regarded as negligible by the traditional Halstead.

However. it is not true that the complexity is negligible, as will be shown in the subsequent sections
where the translation algorithm is presented, and complexity of recursion computed.

6.1 Translating Recursive to Non-Recursive Procedure

Recursion can always be completely removed; compilers do so in converting to assembly language.
However, doing so can be quite tedious. The general strategy requires using a stac'k. ) e
Although non-recursive procedures are certainly faster than equivalen-t FECUISIVE PrOGECUNES,
speed advantage rarely justifies the lack of clarity that results from removing the recurs:o:;. e
Two methods are usually employed in translating recursion to non-recursion. Thesu’z '::]rﬁ !

linked list and the use of array structures. The translation algorithm is presented below in 6.2

6.2 ‘Translation Algorithm

G to iterative,
; s been translated
pushdown stack, and the following is one of them. Once an algorithm ha
then implementing it becomes clearer,

Stepl

o ofack and
ol N hich declares a stack an
At the beginning of the procedure, code is mbLﬂCdla‘;El:ill be used to hold the
initializes it to be emply. In most general case'dthessfor cach recursive call.
values of parameters, local variables and return addres i
: now, each Recur:
Step2 The label L1 is attached to the first executable lilaiei:l:m
. . . wing.
' replaced by a set of instructions which do the follo
Step3

inter to the
; : the stack. The po

Store the values of all parameters and local variables in 1l :

top of the stack can be treated as global.

14
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Stepd Create the ith new label, Li, and store § in (he stack. The value i of this Jabe

used to compute the return address. The labe]
step7.

. I will be
is placed in the program as described in

Step3 Evaluate the argument of this call (they may

be expressions) and assign these values
to the appropriate formal parameters.

Step6 Insert an unconditional branch (o the beginning of the procedure.

Step? If this procedure is a [unction, attach the label crealed in stepd to a statement which
retrieves the function value (rom the top of the stack. Add code lo use this value in the
way described in the recursive procedure. If this procedure is not a function then afTix
the label created in stepd to the statement immediately following the branch of
step6.Thesc steps are sufficient to remove all recursive calls in a procedure. We must
now alter all return statements in the following way. In place of each return, do the

following:
Step8 If the stack is empty then execute a normal return.
Step9 Otherwise take the current values of all output parameters and assign these values (o

the corresponding variables which are in the top of the stack.

Stepl0 Now insert code which removes 1he index of the return address from the stack if onc
has been placed there. Assign this address to some unused variable.

Stepl | Remove the stack values of all local variables and parameters and assign them to their
corresponding variables.

. ‘ . . . . - H H H lcl 3
Stepl2 If this is a function, insert instructions to cvaluate the expression immediately
following return and storc the result in the top of the stack.

Stepl3 Use the index of the label of the return address to execute a branch of that label.

By following these rules carefully, one can take any recursive program and producc‘a prug.rum wlu(;h
works in exactly the same way, yet which uscs only iteration to control thc-ﬂmv ol lFlf-‘ p'fgr.ﬂm' O::
many compilers, this resultant program will be much more cfficient than n:q rccl.n'sw‘c \Lr:.lonbccn
other compilers the (imes may be fairly close. Once the (ransformation to iterative form has

' i - are ing even more gains in
accomplished, one can ofien simplify the program even [urther (hereby producing eve 8
cmc‘iency‘

7. Theorem and Proof
From the translation a|
form of the Theorem
.".~ t1} ;._u LTE 31 LI Pty ) H i ' ’ i

r_‘, + =" and 5o on, while operands are literal cxpressions, €O
which the operators act.

of a recursive procedure is derived in

' = . somplexity .
gorithm presented above, the complexity perators arc defined as

. o v Theorem, ©
iven below. For the se of proving the Tl .
y s1ow: Kor: thejpurpa P y nstants, and variables upon

15,
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7.1 Theorem

Ihe abstract complexity of a recursive proce

dure is the 3 - .
procedure and that of the stack operations sum of the complexities of the body of the

7.2 Proof

Pushing and popping are the 2 basic stack :
N Ooperations. K .
computed as follows: P ns. The complexity of pushing

and popping is
Pushing operation:

— Increment stack pointer i.e, pir: = ptr + 1;
— Save item

Popping operation:

— retrieve item i.e. ilem:

i.c stack (ptr) : = item

= stack (ptr);
— decrement pointer i.e. ptr: = ptr - [;

Therefore we have (for pushing and popping)
— distinct operands : = 4;
— distinct operators : = 3;
— total operators ;=4
— lotal operands :=38;
= n = (distinct operands + distinct operators) (variables ‘I parameters -+ 2)
=7 (variables + parameters + 2)
where 2 is the complexity of the: function value, and return address.
and N = (total operators + total operands) (variables + parameters + 2)
= 12(variables + parameters + 2)
Assuming complexity of pushing is equal to the complexity of popping then:
the complexity (recursive procedure) := complexity (sequential sla%emenls) A
2(complexity(pushing) X variables + parameters + 2)
Assuming, 5
= ity of recursive procedure
E((I;)) :-= cc(z)nl-:-::)ll‘:::ilt)y:)f sequcnlial]’statcmcms in the rc?ursi\fe prcclmcdurc
C(Ka) := complexity of stack operations in the recursive procedure

« = variables + parameters + 2
then,

C(R) =C(S) + 2(C(Ka))

8. Conclusion

itative m " complexity
ini ¢ {ive measurc of co
Halstead lexity metrics are a means of determining 2 quantita

alstead complexi

ona la S[E‘n’.‘ld Icgauled lh 1 ol sc entia [nccdue 1lld a of ¢ rec I'Si\"b‘
c co T\p ex ) q i P lh 1 f th u

e » I | | l p : . ] was no | a;\e‘n into consideralion W'h“e

t o l I ther wO dS th deplh oi' I'CCUI'SiOﬂ Vas 1 Lt

P DCCdUle 1o be equa .in 0 ras,

IS IS Ac hIEVEd b tr - H . - . . . . . .
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Icads to a Theorem whose Proof shows that thc complexity of a recursive procedure is indeed greater
than that of the equivalent sequential procedure by 2(C(Kw)).
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