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Abstract L Y

The study was carried out to analyse and model a rare event and forecast future
occurrences. Rare events are those event that follows a Poisson distribution and are
mostly non stationary in nature.

The Box-Jenkins approach for Autoregressive Integrated Moving Average (ARIMA)
modeling and the Adaptive Response Rate Single Exponential Smoothing (ARRSES)
method were employed in comparison for forecasting. The parameters estimated were
Akaike Information Criteria (AIC), Bayesian Information Criteria (BIC) and Mean
Square Error (MSE) respectively.

The results was obtained for three models, ARIMA (1,1,1), ARIMA (0,1,3) and
ARIMA (2,0,0) and it showed that ARIMA (1,1,1) is the best fit. We compared
ARIMA (1,1,1) with the Adaptive Response Rate Single Exponential Smoothing
(ARRSES) method, which showed that forecast made by ARIMA models are more
accurate and a reliable model to be fitted with minimum AIC, BIC and MSE.

In conclusion, this research provides a framework for the investigation of other rare
events in future. The best model to be fitted for a rare event that follow Poisson
process and are normally and independently distributed with a non stationary nature
is ARIMA (1,1,1).
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1.0  Introduction

Forecasting methods to produce numerical estimates range from relative simple techniques to complex and sophisticated
techniques are discussed in this paper. Among forecasting methods were extrapolative or projective techniques i.e. moving
averages and exponential smoothing. A moving average is a trend method wherein each point of a moving average of a time
series is the arithmetic mean of a number of consecutive observations of the series. The number of observations in the
moving average computation is chosen to minimize the effect of seasonality or other disturbances in the series [1-4].
Exponential smoothing is a flexible trend whereby past data observations are given different weights in computing the
forecast. It has the advantages of providing a simple up-to-date forecast where the new forecast is equal to the previous one
plus some stated proportion of the previous periods of a forecasting error. Exponential smoothing methods are adaptable to
adjustment to include trend and seasonal projections with adaptive types of optimum weighting procedures. Exponential
smoothing methads are used to forecast large numbers of items. Time series decomposition methods are widely used to
identify the systematic components of a time series, trend cycle and scasonal pattern and the nonsystematic or random
component. The seasonal Pattern is identified by first determining the seasonal indexes for each month or quarter of year and
in turn these patterns are projected ahecad. The cyclical forecast may be prepared by other systematic projection or by
cconomic jutlgment. Nonsystematic or irregular variation is usually assumed zero in a forecast but irregular adjustments may
be needed for an anticipated stoppage in production or some other casual factors in the time period of the forecast. A highly
analytical method for measuring seasonal fluctuations is called census 11or X-11 variant. Regression models express the past
relationships among the item being forecasted. These models are useful when adequate history of data are available on the
major factors associated with variations in the item being forecasted [5,6].
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All methods of forécasting do not work equally well in the same circumstances, they nced diversified conditions. The moving
_averages need the pastin sample observations and if a large number of items are to be forecasted, these data can require
considerable storage space. Equal weights are given to all past observation and no weight is given to observation carlier than
period t,:,. Recent observation may contain more information than the older ones in forecasting future movements. We give
_more weight in forecasting to the recent observations than to the older ones [7].

Exponential smoothing produces self-correcting forecasts with built-in adjustment that regulate forecast values by changing
them in the opposite direction of errors. Forecasts generated by exponentials smoothing are sensitive to the specification of
the smoothing constant. This technique results in forecasts that lag behind the turning point in actual time series data [8].
Adaptive response rate single exponential smoothing does not require specification of a and is attractive when a many items
have to be forecasted. When trend is evident in the time series, single exponential smoothing like simple moving average
becomes less useful. Both single and double exponentially smoothed values have the same property of lagging the actual
values. '

Brown’s lincar exponential smoothing method provides an additional correction similar to that of linear moving averages. In
this method the difference between the single and double smoothed values is added to the single smoothed values and
adjusted for a pattern in the data. Holt’s double parameter lincar exponential smoothing is an extension of Brown’s method
whereby a growth factor is added to the smoothing equation. This method smoothes thé;;f’end'values directly. Quadratic
cxponential smoothing method of forecasting is appropriate when tire ungderlying pattern of:the observed time series is
quadratic, cubic or of a higher order. Winter’s triple parameter linear “and seasonal exponential smoothing model of
forecasting is an extension of Holt’s double parameter method [9]. .

In this research we have suggested three ARIMA models in comparison with Adaptive response rate single cxponential
smoothing for forecasting road accidents which is one of the rare events that occur in nature. These models were proposed by
Box and Jenkins. The Box -Jenkins method is a statistically sophisticated way of analyzing and building a forecasting model
which best represent a time series. This method has a number of advantages over other methods of time series analysis. First
this method of analyzing time series is logical and statistically accurate. Second the methods extract a great deal of
information from the historical time series data. This method results in an increase in forecast accuracy while keeping the
number of parameters to a minimum in comparison with other similar modeling processes. Box-Jenkins methodology
assumes no particular pattern in the historical data of the time series to be forecasted. By iterative approach, the procedure
identifies a possible useful model from a general class of ARIMA models. After the estimation, the chosen model is then
diagnostically checked against the historical time series data. If the mean square error (MSE) is small and the residuals are
also small, then the chosen ARIMA model is said to be a good fit. If the chosen model is not satisfactory, the Box-Jenkins
process is repeated using another model designated to improve the original one. The process is repeated until a satisfactory
model is found [10].

This methodology can be enlarged to include seasonal data by building a multiplicative ARIMA model. The multiplication
model requires the identification of both a non-seasonal and seasenal models that is non staticrary in nature. Box-Jenkins
approach for ARIMA modeling provides for forecasting witha very-pewerful and flexibie tocl. It is an excellsnt method for
forecasting a time series from its own current and historicel values: Naturally, most of the rare events, such as road accidents
arc non staticnary in nature. Therefore, the preblem of non stationarity should be taken carc of in any forecasting
methodolegy [11,12]. A

A great deal of research has been and is being committed to this topic all over the world. Road accident in developing
countries has increased over the last ten years. This could be due to increasing vehicle occupancy over time or to the fact that
a specific type of accident is much more than it was some years back.

2.0  Poisson Distribution

Let u be a positive real number. A discrete variable with probability function

flx) = u*e #/x! xR0 ZE : a.n

is said to have Poisson distribution. The parameter p is called the mean of distribution. If we interpret probabilities as long
run relative frequencies, then p is the average or mean of the X-values that we would obtain in a very large number of
repetitions of the experiment. The mean is the central value of the probability distribution in the same sense that the centre of
mass is the central point of a mass distribution. Suppose that at point X;, X,, ... along a rigid horizontal axis, we place weights
O f (XZ)' ..where Y. f (X;) = 1, then the centre of gravity or balance point of the system is located at the point
ST
If x has mean ;.
Then

Ex—w) =Ex)—pu=p—u=0
The total probability in (1.1) is

2 3
S f() = Bioute tfxt = e [1+p+ D454 ] (3

-
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The series in square bracket is the Taylors expansion of e ™ and hence the total probability is e *e* = 1 for all .

Onc of the possible applications of the Poisson distribution is to describe the number of accident per driver. A sample of n
drivers of a particular age group is examined and it driver has X; accidents for j = 1,2 ....n. The number of accidents per
driver is assumed to be a Poisson varidble except that some of the drivers have no accidents because they are vigilant and
careful drivers and not merely because of the chance variation allowed for by the Poisson distribution. Let Y=1 or 0
depending on whether a driver is careless in driving or not (vigilant). Let the overall proportion of drivers which are vigilant
and careful be ¢, ie Pr (Y = 0) = ¢ which is unknown and a nuisance parameter. When ¢ = 0, estimation of @ reduces to
the standard problem and )7, X; is the minimal sufficient statistics for 0 [13].

3.0 Methodology i
3.1 Adaptive Response Rate Single Exponential Smoothing (ARRSES)

Adaptive response rate single exponential smoothing (ARRSES) method is also used to forecast the monthly univariate time
series on road accidents. This is an attractive method when a great many items have to be forecasted. The ARRSES
forecasting is :

Feya = agXy + (1 — a))F, ’ SO 2.0

where a = |E;/M;| AR, N
Smoothed error E; = Be; + (1 — B)E;_, ot

Absolute smoothed error M; = Ble,| + (1 — B)M,_,

Errore, = X; — F;

B = 0.2 : p
In this method we change the value of unspecified a on an ongoing basis. ARRSES changes the value of a when there is a
change in the basic pattern requiring different smoothing constant. The forecast F,_; is a linear combination of the previous
period’s observed value and forecast. The smoothing constant is the absolute value E, divided by M;.E, is a lincar
combination of the forecast error, e, and the smoothed E. M, is absolute smoothed error and is a linear combination of the
forecast crror and the absolute smoothed error in the previous period. By assigning B = 0.2 means that the first term in
smoothed error and absolute smoothed error gives much smaller weights than the second. With B=0.2 the second term is
given four times more importance [5].

,;

32 Univariate Time Series
When k =1, we shall write Z; = Z;
ZL‘ = (erl '"IZK'I')r
An important class of models for discrete univariate series originally proposed in [14] is stochastic difference equation of the
form
b (BYZ, = oq(B)at 2.1)
where ¢,(B) =1 — ¢ B—... —¢p,BPand0,(B) = — 0,B—... —8. B4
In (2.1) the a,’s are independently identically and nermally distributed randem shocks (er white noise) with zero mean and
variance sz B is the back-shift operator such that BZ, = Z,_, end Z, = Z, — n is the deviation of the observation z, from
some convenient location 7).
Relationships between K series {Z,,}, ....., (Z,) can scmetimes be represented by linear transfer function models of the form
Ziu = Zick(h) [wshi (B)Blmu/‘schi(B)]Zit it [qu (B)/‘Pph(lg)]ant (2-2)
where Z,, = 0,k(h) is the set (1, ... ... vh— 1), 0spi(B)Oshi@pn(h = 1,2, ..., k)(B), and 04, (B); are polynomials in B the
by, ‘s are nonnegative integers, and {a,-f}, ....{ay;} are k independent Gaussian white-noise processes with zero mean and
variance gl?, ..., ok? in particular intervention models of this form has proved useful [4].
Transfer function models of the form (2.2), however assume that the series, when suitable arranged possess triangular
relationship,simplying for example that z; depends only on its own past, z, depends on its own past and on the present and
past of z,z;, on its own past and on the present and past of z, and z; ; and so on . on the other hand if z, depends on the
past of z, and also z, depends on the past of z, and also z, depends on the past of z; then we must have a model that allows
for this feedback.

L ] :
33 Univariate ARIMA Forecasts
Let a time series of a set of ordered observations is
V0 B, B T @3)
We define trend as any systematic change in the level of time series. A time series that is trendless can be represented by the
model.
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y=by+N,~ : (2.4)

where the parameter b, is interpreted as the level of the time series N is a “noise” component or as stochastic process.
Assuming white noise process, we can write the model for a trendless time series process as

Y, = b, +a, 2.5)

where a, =, NID(0307) i.c. white noise consists of a series of random shocks each distributed and independently about a
zero mean with constant variance. 7. As the mean of white noise is zero the expected value of a trendless process is

EY; = by + Eay = bywhere a; =. NID (0,02) that is, white noise consist of a series of random shocks, each distributed
normally and independently with a zero mean and constant variance, 2. As the mean of a white noise is zero, the expected
value of a trendless process is ’

EY, = by + Eay = b, (2.6)

The parameter by is the level about which the realized time series fluctuates. In case of trend less time series process b, is
the arithmetic mean define as

ba =V = 1/N ) AT 4 2.7
A time series following a linear trend, requires, a model : 1,‘ ’
Y1 = bo "' bl 1a1 -, A \1“;

Taking expectation R

E(Y)) =b, + b,

A regression of Y, on the time series t(1=0,1,....... N). The level of the time series process is changing systematically
throughout its course. Starting at 1=0 : '
EiY, = b,

E(Y;)=b, +b;

E(Y,) = by+2b;

I}‘(YN) = buNbl :
The parameter by is the intercept of the model, that is the expected level of the process when t = 0. The parameter b, is the
slope of the model that is the expected change in level from one observation to the next [15-17].

34 The General ARIMA (p, d, q) Model

Let the ARIMA (1,0,1) process as

Ve = @11+ a; — 0,0, (2.8)
Or

1-=¢B)y, =(1~- 0,B)a,

and solving for y,

ye=(01-¢:8)1 - 0.B)a,

Since (1 — ¢yB) ™ =14+ @B + 2B + e ve e + PFBO A oo e
So
(1 —@¢B) + P2B2 4 o vev v + IB™ + - e Y1 - ¢:B)a,

When ¢, = 6, both parameters are completely redundant substituting ¢, for ®; in the infinite series form of the ARIMA
(1,0,1) process
Ve = 1+ GyB + 2B + e coe oo + T8 -+ i 3N — B, H)a,
=1 - B+piB% — e B™ + ¢TB™ - e )a, 2.9
when ¢, = 0; an (ARIMA (1,0,1)model reduces to an ARIMA (0,0,0) model
Now suppose that ¢ # 0, but that the parameter are close to each other in value, if @ = ¢, where ¢ is a very small number
the infinite series form of the ARIMA (1,0,1) models is

) Ve = (1 + @B+ $pFB? + oo e )+H)(1 = ¢1B —cB)a,
=(1—cB—ceB+¢IB* —--cor . QIB™ + PIB™ .. .. Ja; (2.10)
Now when both ¢ and ¢, are small c¢; will be approximately zero and the ARIMA (1,0,1) model reduces approximately to
an ARIMA (0,0,1) model ;
v = (1 +6;B)a; 2.11)
where ¢=0 and if c¢, is not"approximately zero, then the ARIMA (1,0,1) model reduces to approximately an ARIMA
(0,0,2) model
v, ={(1—-6,B — 6,B%)a, (2.12)
where c¢, = 0, [11].
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4.0  Results Of Analysis

The monthly univariate time series on rare events (road accidents) of South- Western Nigeria during 2011-2013 is used to
illustrate the Box-Jenkins method of forecasting investigated earlier. We compare ARIMA models for the series to assess the
forccasting performance of the models to see whether any benefit can be gained from the improved fit. We choose to
forecasts the 12 observations (year 2014) with each of models (fitted to the whole of the available data) at various forecasting
horizons and to calculate the sum of squared forecasting errors for these forecasts. Formal data analysis suggests that the
data arc non-stationary and differencing is indispensable [18].

The three ARIMA models and their corresponding forecasts are as follows:

Model 1: ARIMA (1,1,1). The model fitted is;

(1-B)(1+0.0052B)Y;, = (1 — 0.7473B)e, ;

The forecast for ARIMA (1,1,1) fitted above is given below

Table 1: Forecast for the ARIMA (1,1,1)

Period Forecast “
157 89 \ ' :M‘
158 89 w o \tﬁ
11590 88 2
160 88

161 88

162 87

163 87

164 87

165 86

166 86

167 86

168 86

Model 2: ARIMA (0,1,3). The model fitted is;
(1-B)Y,=(1—-0.7545B + 0.0394B2 — 0.0470B8%)e,

Table 2: Forccast for the ARIMA 0,1,3)

Period Forecast
157 89
158 88
159 88
160 88
161 87
162 87
163 87
164 86
165 | 86
166 86
167 85
168 85

Model 3: ARIMA (0,0,2). The model fitted is;
Y, = 0.4135Y,_, + 0.4070Y,_, + e,
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¢t
Table 3: Forecast for the ARIMA (0,0,2)

Period Forecast A

157 97

158 96

159 1199

160 100

161 101

162 102

163 103 :
164 104

165 105

166 105

167 106

168 106 N

The ARIMA (1,1,1) models yields minimum MSE = 224.00. The e;s-timate of the models are AR(1)=0.7473 with the
constant and their standard deviations 0.1076, 0.0715 and 0.3061 respectively. The t-ratio of the estimates are -0.05, 10.46. -
0.98. Table 1 and table 2 shows that the forecasts produced by ARIMA (1,1,1) and ARIMA (0;1,3) are very similar.

The ARRSEA model is given as

¥y o = 0.0764X; + (1 — 0.6567)F;

Table 4; The ARRSES Forecast

Obsd. Value X, Forecast F | Error e, | Smoothed error E, Absolute M, Error a, value
116 :

119 116 3 0.60 0.60 1.00
138 119 19 4.28 4.28 1.00
150 138 v 12 5.82 5.82 1.00
165 160 115 7.66 7.66 1.00
162 165 -3 558 6.73 0.82 -
139 163 -24 0.38 10.18 0.04
146 162 16 3:50 i kL34 0.31
111 : 157 -46 1.20 18.27 0.66
174 127 -47 4.24 24.02 0.01
149 1277 22 8.78 23.61 0.18
158 131 27 .23 24.29 0.36

Three ARIMA models best fit the time series and performed better than the ARRSES, the forecasts made by ARIMA model
are more accurate and showing downward trend in road accidents. The forecasts have incorporated the effect of various
measures exercised to improve the worsening situation of road accidents. These measures are highlighted which include
human environmental and engineering factors responsible for road accident.

The model selsction criteria are given below:

Table 5: Model Selection Criteria

Model MSE AIC BIC

ARIMA (1,1,1) | 224.0 9.81672 5.014325
ARIMA (0,4,3) | 234.8 9.890158 | 5.087763

-

ARIMA (2,0,0) | 253.9 9.881705 | 5.07931

ARRSES forecasts are given in Table 4 which are compared with ARIMA (1,1,1) models forecasts given in Table 1. The
MSE for ARRSES is 275.49. while the MSE for ARIMA (1,1,1) model is 224.0 which is smaller than the MSE for ARRSES
as seeff in Table 5.

5.0  Conclusion ,

In conclusion, in forecasting rare event, the Autoregressive Integrated Moving Average (ARIMA) model is better in
forecasting future values. The assumption was reached after it was compared with the Adaptive Response Rate Single
Exponential Smocthing (ARRSES). The selection criteria used the AIC, BIC and MSE all gave a minimum value quite less
than the value of MSE of ARRSES. This research provide a framework for the investigation of other rare events in the future.
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" The best model to be fitted for a rare event that follow a Poisson process and are normally and independently distributed with
a non stationary nature is ARIMA (1,1,1). *
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