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Abstract 
'. rri

|'he stutly wos ctrried out to onalyse ond model a rar[ ettent antl forecast fulure
occurrences. Rore evenls ue those evenl lhnt follows u ltoisson dislribution and are
mostly non slilionuy in nilure.
'I'he Rox-Jettkins approach for Autoregresslve Inlegroled Movittg Average (ARIMA)
ntodeling and the fulaptive Response Rde Single lixponentiul Smoothing (ARRSES)
methotl were employed in compwison for forectsting. The porameters eslimoted were
Akaike Information Criteria (AIC), Rryesitn Information Criteria (BIC) ancl Mean
Square Error (MSE) respectively.
The results was obtsineil for lhree moilels, ARIMA (lJ,I), ARIMA (0,1,3) and
ARIMA (2,0,0) ond it showed that ARIMA (l,l,I) is the best fit. We compared
ARIMA (l,l,l) with the Adaptive Response Rale Single Exponential Smoothing
(^RRSES) methotl, wltich showed thttt forecast made by ARIMA models ore morc
sccurute artd a reliable model to beJitted vtith minimum AIC, BIC and MSE.
In conclusion, this research provides a fromework for the investigtrlion of other rare
evenls in fulare. The best model to be fitled for o rore evenl thul follow Poissou
process srrtl ure normtlly tnd inilepenilently distribuled with o non staliontry nalure
is ARIMA (lJ,l).
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1.0 Introduction
I lorccasting methods to producc numcrical cstimates range from rclativc simplc techniques to complex and sophisticated
tcchniques are discusscd in this papcr. Among forccasting mcthods wcrc cxtrapolativc or projective techniques i.e. moving
avcrages and cxponential smoothing. A moving average is atrcnd mcthod whcrein cach point of a moving averagc of atimc
scries is the arithmctic mcan of a numbcr of consccutive obscrvations of thc serics. Thc number of observations in thc
moving averagc computation is chosen to minimizc the effcct of seasonality or othcr disturbances in the series [l-4].
l ixponcntial smoothing is a flexiblc trcnd whcreby past data observations arc givcn different weights in computing thc
forccast. It has the advantagcs of providing a simple up-to-date forecast whcrc thc ncw forccast is equal to the prcvious onc
plus some stated proportion of the previous periods of a forccasting error. Exponcntial smoothing methods are adaptable to
adjustmcnt to include trend and seasonal projections with adaptivc typcs of optimum weighting procedures. Exponcntial
smoothing methqds arc used to forecast large numbers of items. T'ime scries decomposition mcthods are widely used to
idcntify thc systcmatic components of a time scries, trend cycle and scasonal pattern and the nonsystematic or random
component. 

'lhe 
seasonal Pattern is idcntified by first determining the scasonal indexes for cach month or quarter of year and

in turn thcsc pattcrns arc projccted ahcad. Thc cyclical forccast may be prepared by other systematic projection or by
cconomic judgment. Nonsystcmatic or irregular variation is usually assumcd zero in a forccast but irrcgular adjustments may
bc nccdcd for an anticipated stopp4ge in production or somo other casual factors in the time period of the forecast. A highly
analytical method for mcasuring seasonal f luctuations is called census I lorX-l l variant. I{egression models express thc past
rclationships among the item being forccastcd. l 'hese models are useful when adcquate history ol 'data are available on the
major factors associatcd with variations in thc item being forecasted [5,6].
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All methods of forecasting do not work equally well in the same circumstances, they need diversified conditions. The moving

,avcrages need the pasbn sample observations and if a large number of items are to be forecasted, these data can require
'consiJerable 

storage space. Equal weights are given to all past observation and no weight is given to observation earlier than

period t,ur. Receniobiervation may cJntaintnire informaiion than the older ones in forecasting future movements. We give

more weight in forecasting to the recent observations than to the older ones [7].
Exponential smoothing produces self-correcting forecasts with built-in adjustment that regulate forecast values by changing
them in the opposite direction oferrors. Forecasts generated by exponentials smoothing are sensitive to the specification of

the smoothing constant. This technique results in forecasts that lag behind the turning point in actual time series data [8].
Adaptive response rate single exponential smoothing does not require specification of c and is attractive when a many items

have to be forecasted. When trend is evident in the time series, single exponential smoothing like simple moving averags

becomes less useful. Both single and doubte exponentially smoothed values have the sarhe property of lagging the actual

valucs.
Brown's linear exponential smoothing method provides an additional correction similar to that of linear moving avcrages. In
this method the difference between the single and double smoothed values is added to the single smoothed values and

adjusted for a pattern in the data. Holt's double parameter tinear exponential smoothing iq T extension of Brown's mcthod
whereby a growth factor is added to the smoothing equation. This method smoothes the{bnd values directly. Quadratic
cxponential smoothing method of forecasting is appropriate when the urXflerlying pattern Sttre observed time serics is
quadratic, cubic or of a higher ordcr. Winter's triple parameter linear'ilnd seasonal exponential smoothing model of
forecasting is an extension of Holt's double parameter method [9].
In this research we have suggested three ARIMA models in comparison with Adaptive response rate single cxponential
smoothing for forccasting road accidents which is one of the rire events that occur in nature. These models were proposed by
(]ox and Jcnkins. The Box -Jenkins method is a statistically sophisticated way of analyzing and building a forecasting model
which bcst reprcscnt a time series. This method has a number of advantages over other methods of time series analysis. First
this method of analyzing time series is logical and statistically accurate. Second the methods extract a great deal of
information from the historical time series data. This method results in an increase in forecast accuracy while kceping thc
numbcr of paramcters to a minimum in comparison with other similar modeling processes. Box-Jenkins methodologY
assumcs no particular pattern in the historical dita of the time series to be forecasted. By iterative approach, the procddure
identifies a possible useful model from a general class of ARIMA models. After the estimation, the chosen model is then
diagnostically chccked againstthe historicaltime series data. If the mean square enor(MSE) is smalland the residuals are
also small, then the chosen ARIMA model is said to be a gbod fit. If the chosen model is not satisfactory, the Box-Jenkins
process is repeated using another modcl designated to improve the original one. The process is repeated until a satisfactory
modcl is found [0].'Ihis mcthodology can be enlarged to include seasonal data by building a multiplicative ARIIvIA model. The multiplication
model requires the identification of both a non-seasonal and seasonal models that is non stationary in nature. Box-Jenkins
approach for ARIMA rnodeling provides for forecasting vritba very.pet'ierfui'and flev-ibie tool. It is an exsellent method for
forccasting a time series from its own current and histcrical'values, N'aturally, most of the rare events, such as road accidents
are non staticnary in nature. Therefore, the problem of non stationarity should be taken care of in any forccasting
methodology [ 1,12].
A great deal of research has been and is being committed to this topic all over the world. Road accident in developing
countries has increased over the last ten years. This could be due to increasing vehicle occupancy over time or to the fact that
a specific type of accident is much more than it was some years back.

2.0 Poisson Distribution
Let p be a positive real number. A discrete variable with probability function

f  (x )  =  pxe-F /x l  r  =  0 ,1 ,2 , - . . . .  ( l . l )

is said to have Poisson distribution. The parameter p is called the mean of distribution. If we interpret probabilities as long
run relative frequencies, then pr is the average or mean of the X-values that we would obtain in a very large number of
repetitions of the experiment. The mean is the central value of the probability distribution in the same sense that the centre of
mass is the central point of a mass distribution. Suppose that at point X1 ,X2, ... along a rigid horizontal axis, we place weights

f(X),f(X),...wheref,f (Xi):1, then the centre of gravity or balance point of the system is located at the point

L x i f ( x ) = p , -
If x has mean pt.
Then
E ( x - t t ) = E ( x ) - P : P - f l = 0
The rotal probability in (l-l) is

Xi=o/( r )  : \ ; |=opxe-af  x t : " -n  [1  + p+** f  * . - - ] (1.2)
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The series in square bracket is the Taylors expansion of e-P and hence the total probability is e-Petr : 1 for all p.
One of the possi$ applications of the Poisson distribution is to describe the number of accident per driver. A sample of n
drivers of a particular age group is examined and it driver hasXi accidents forT = L,2....n- The number of accidents per
driver is assumed to be a Poisson vari&le except that some of the drivers have no accidents because they are vigilant and
careful drivers and not merely because of the chance variation allowed for by the Poisson distribution. Let Y:l or 0
depending on whether a driver is careless in driving or not (vigilant). Let the overall proportion of drivers which are vigilant
and careitl be @,ie Pr (Y = 0) = 0which isunknownandanuisanceparameter. When@ = 0,estimationof fireducesto
the standard problem and )!!rX; is the minimal sufficient statistics for 0 [13].

3.0 Mcthodolory
3.1 Adaptivc Rcsponse Ratc Single Exponcntial Smoothing (ARRSES)
Adaptive response rate single exponential smoothing (ARRSES) method is also used to forecast the monthly univariate time
series on road accidcnts. This is an attractive method when a great many items have to be forecasted. The ARRSES
forecasting is
I"t.t.r = arX, + (L - at)Ft
w h c r e a = l l i i / M i l  - \ .
Smoothed error Ii; - Ilei + (l - It)Ei-r .*a
Absof ute smoothed error M. = Blei + (1 - B)Mrt

(2.3)
A time series that is trendless can be represented by the

\
t 'rih

(2.0)

Error er = Xt - I;t
Il = 0.2'In 

this method we change the value of unspecificd c on an ongoing basis. ARRSES changes the value of c when thcrc is a
changc in thc basic pattcrn rcquiring differcnt smoothing constant. The forecast Fs-1 is a linear combination of the prcvious
period's observed value and forccast. The smoothing constant is thc absolute value /?6 divided by Mi.fg is a linear
combination of the forecast error, e, and thc smoothed E. M6 is absolute smoothcd error and is a linear combination of the
forccast crror and thc absolute smoothed error in the previous period. By assigning B =0.2 means that the first term in
smoothed error and absolutc smoothcd error gives much smaller weights than the second. With B:0.2 the second term is
givcn four times more importance [5].

3.2 Univariatc'l'imeseries
Whcn k :1, we shall write Zr = Zt
zt : (zu, ...,zxr)'
An important class of models for discrete univariate series originally proposed in [l4] is stochastic difference equation of thc
form
O{lt)Zt = 9n(t})at (2.1)
whcrc @r(l l )  = I  - fJ l- . . . -QpBpand0q(l)) :  I  -qiB-. . . -0oBo

In (2.1) thear's are independently identically and norrnally distrlbuted random shocks (crvrhite ncise) with zero mean and
variancc ot' n is thc back-shift operator such that tr)Zn = Zr-, cnti Zr : Zt- 4 is the deviation of the observation 27. from
some convenient location 4.
RelationshipsbetweenKseries {Zn},.....,(Z) canscmetimesberepresentedbylineartransferfunctionmodelsoftheform
zru = Zirrc(n)fri.ror(lt)Bt*u /6ch,i(B)lzit + ILqb@) /pro@)lo*, Q.2)
whereZst :0,k(h)  is  the set(1, . . . . . . ,h-1) ,  asr l (B)6"n i tppn(h:L,2, . . . ,k) (B) ,and2ou(B);  are polynomials  in lJ the
bru's are nonnegative integers, and {cy},....{ari} are k indepcndent Gaussian white-noise processes with zero mean and
variance clz,....,okz in particular intervention models of this form has proved useful [4].'fransfer 

function models of the form (22), however assume that the series, when suitable arranged possess triangular
refationship,"implying for example that z, depends only on its own past, zz depends on its own past and on the present and
past of 21,21, ofi its own past and on thc present and past of z2 and z1 ; and so on . on the other hand ifzl depends on the
past of z2 and also z2 depends on the past of z2 and also z2 depends on the past ofz, then we must have a model that allows
l'or this fccdback.

3.3 Univariate ARIMA I'orecasts
Lct a time series of a sct of ordered observations is
Y1,Y2,Y3, ... . . . Yr...r, Yt,Yr-........
Wc define trend as any systematic change in the level of time series.
modcl.
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Yt  =  bs*  Nt '  
. t

where the parameter bo is interpreted^as the level of the time series Nris a "noise" component or as stochastic process.
Assuming white noise process, we can write the model for a trendless time series process as
Y, : bo + a, e5)
whereal *,NID(Osol) i.e. white noise consists of a series of random shocks each distributed and independently about a
zcro mean with constant variance. oo2. As the mean of white noise is zero the expected value of a trendless process is
IiYl= fir-F Ear= bswhercar s. NID (O,ol) that is, white noise consist of a series of random shocks, each distributed
normally and independently with a zcro mean and constant variance, o|, ns the mean of a white noise is zero, the expected
value ofa trendlcss process is
E Y 1 = b s * E a t = 6 0
'rhe parameter bs is the level about which the realized time series fluctuates.

f a  1 \
.  \ . , t ). .  \
\ .
\.15' '{fi;'

(2.4)

(2.6)
In case of trend less time series process bo is

thc arithmctic mean define as

Ba=y = l f  112!=ry ,
A timc series following a linear trend, requires, a model \.
Y r = b o * b l a ,
Iaking cxpcctation
Ii(Y) = bo+ b,
A rcgrcssion of Ir on the time serics t(t=0,1,.......N). The level of the time series process is changing systematically
throughout its course. Starting at l:0
IilYo = fuo
Ii(Y) = ba+br
li(Y) = ba-Fzbl
:
E(Yr) = 6o1t16,
'l'hc paramctcr bo is the intcrccpt of the model, that is the cxpected lcvel of the process when t = 0. The parameterb, is thc
slopc ofthc model that is thc expected change in levcl from one observation to the next [15-17].

3.4 'I'hc Gcncral ARIMA(p, d, q) Model
l ,ct  thc n RIMA (1,0,1) process as
l t = Q t l t - t * a t - U r a t _ r
Or

(2.8)

( I - f $ ) y t = ( 1 - 0 1 8 ) a ,
and solving for y,

lt: (I - QrB)t(I - ?rB)a,
Since  (1  -  Q tB ) - r  = ' J .  *  Q$  +  0?B '+  . ' . . . .  . . . +  O iB l  +  . . . . . . . . .
So
(1  -  QJ))  - r  OlB,  + . . .  . . .  . . .+  Qisn + . . .  . . . ) (L  -  @rB)a,
When @r = gr both parameters are completely redundant substituting @1 for @1 in the infinite series form of the ARIMA

(2.e)
when @, = 0t &n (ARIMA (1,0,1)model reduces to an ARIMA (0,0,0) model

Now suppose thatQ + 0r but that the parameter are close to each other in value, if g = @, where c is a very small number
the infinite series form of the ARIMA (1,0,1) models is

te=  (L+  Q$ +0?8 ,  + . . . . . . . . .+g isn  + . . . . . . )+ ) (1 -  QrB -  cB)a ,
:  (1 -  cB -  cQrB + 0?8, . . .0TB" + 0TB" . . . . . . )a,  (2.10)
Now when both c and @t are small c@1 will be approximately zero and the ARIMA (1,0,1) model reduces approximately to
an ARIMA (0.0.1)  model

,, = 1l + o'rB)a, e.ll)
where c:0 and if c@, is not"approximately zero, then the ARIMA (1,0,1) model reduces to approximately an ARIMA
(0,0,2) model
h = ( ! * 0 r . 8 - 0 2 8 2 ) a ,
where c@r = 0zll l l .

(2.r2)
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( 1,0,1 ) prccess
tt = (! -t- +J) + [ lD, + .. .  . . .  . . .+ Qlpn + ...  . . .)+)(1 - QrB)a,
= (1 -  4rB + 1r?8,  -  0rB"  + QTry" . . . . . . )a t
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4.0 RcsultsQf Analysis

Olataya, Mayor, Alabi and Afolayan J of NAMI,

'Ihe monthly univariate time series on rare events (road accidents) of South- Western Nigeria during 20ll-2013 is uscd to
illustrate the Box-Jenkins method of fordeasting investigated earlier. We compare ARIMA models for the series to assess thc
forccasting performancc of the models to see whether any benefit can be gained from the improved fit. We choose to
forecasts the l2 observations (year 2014) with each of models (fitted to the whole of the available data) at various forecasting
horizons and to calculate thc sum of squared forecasting errors for thesc forecasts. Formal data analysis suggests that the
data arc non-stationary and differencing is indispensable [18].'l'he three ARIMA models and their corresponding forecasts are as follows:
Model l :  ARIMA ( l , l , l ) .  The modelf i t ted is;
(1 - /JX1 + 0.0052/t)yr = (1 - 0.74738)e,'fhe forecast for ARIMA (l,l,l) fitted above is given below

' I 'ablc l: Forecast for the ARIMA (l, l, l)

4!

Model2: AI i IMA (0,1,3).  The modelf i t ted is;
(1 - /t) Y, =(I * 0.7545r] + 0.0394t12 - 0.047083)e,

'l 'ablc 2: Forecast for the ARIMA 0,1,3)

Model3:ARIMA (0,0,2).  The modelf i t red is;
Yt : 0.4135Vt_1+ 0.4070Yt_z * €t
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)criod Irorecast
57 89
5 8 89
59 88
60 88
6 l 88
62 87
63 87
64 87
65 86
66 86
67 86
6lt 86

Pcriod Forecast
t51 89
5 8 8{t
59 88
60 88
6 l 87
62 87
63 87
64 86
65 86
66 86
67 85
6{i 85
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Pcriod Forecast
) I 97
5 8 96
59 99
60 00
6 l 0 l
62 02
63 03
64 04
65 05
66 05
67 06
68 06
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I'I'ablc 3: Forccast'fdr the ARIMA (0,0,2)

Olotayo, Mayor, Alabi ancl Afolayan J of NAMP

168  1106  |  ' \ .  \
f f i l s y ie ldsmin imumMSE=z24 '00 'The 'es ima teo f them\ {e l sa re .AR(1 )=0 ,717 :
constant and their standard deviations 0.1076,0.0715 and 0.3061 respeci-ively. The t-ratio of the estimates are -0.05,

0.98. Table I and table 2 shows that the forecasts produced by ARIMA (l,l,l) and ARIMA (0;1,3) are very similar'

The ARRSEA model is given as
Iit.r-r = 0.0764& + (1- 0'6567)Fr

'I'ablc 4: The ARRSES Forecast
Obsd. Valuc X Forccast F Error e' Smoothed crror [, Absolutc M, Error a. valuc

l 6
l 9 l 6 J 0.60 0.60 1.00

3 8 t 9 1 9 4.28 4.28 t .00

50 3 8 l 2 5 .82 5.82 1 . 0 0

65 60 t< 7.66 7.66 1.00

62 65 a
- J 5.53 6.73 0.82

39 63 -zLj 0.3  8 1 0 .  l 8 0.04

46 62 t 6 3.50 I  1 . 3 4 0 . 3 1

il 57 -46 t .20 18.27 0.66

74 27 -47 4.24 24.02 0.01

49 27 22 8.78 23.61 0 . 1 8

5 8 3 l 27 7.23 24.29 0.36

ThrceARIMAmodelsbes t f i t the t imeser iesan@RRSES, the forecas tsnradcbyARIMAmodc l
are more accurate and showing downward trenc! in roaci accidents. The forecasts have incorporated the effect of various

measures exercised to improve-the worsening situation of road accidents. These measures are highlighted which includc

human environrnenta! and engineering factors responsible for road accident'
The model selsction criteria are given below:

't'abte 5: Model Selection Criteria
Model MSE AIC BIC
^ R I M A  ( l . l , l 224.0 9.81672 5.014325
ARIMA (0J,3) 234.8 9 .890158 5.087763
ARrMA (2,0,0) 253.9 9 .881705 5.07931
ARI{SES forecasts
MSE for ARRSES
as seefi in Table 5.

with thc
10.46. -

a r e d w i t h A R I M A ( l , l , l ) m o d e l s f o r e c a s t s g i v e n i n T a b l e l . T h c
isZlS.+g.whi le  the MSE for  ARIMA(1,1,1)  model  is224.0 which is  smal ler  than the MSE for  ARI{SES

5.0 Conclusion
In conclusion, in forecasting rare event, the Autoregressive Integrated Moving Average (ARIMA) rnodel is better in

forecasting future yalues. Tf,e assumption was reached after it was compared with the Adaptive Response Rate single

Exponent[l Smoothing (ARRSES). The selection criteria used the AIC, BIC and MSE all gave a minimum value quite less

than the vah.re of MSE of ARRSES. This research provide a framework for the investigation of other rare events in the future.

Journal pf the Nigerian Associution of Mathemuticat Pttysics Volume 28 No. 2, (November, 2014), 235 - 242



-ff#

j '

On Statistical Analysis and Modeling"'. Olatayo, Mayor,Alabi andAfolayun J of NAMP

.1
The best model to be fitted for a rare event that follow a poisson process and are normally and independently distributed with

a non stationary nature is ARIMA (1,1,1)' * 
.
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