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ABSTRACT

[Jnrepl icated lactor ial  designs are used in industr ial  and othcr rcal  l i fe

cxperiments due to costs consideration or soffle other reasons' Norrnal plot has been an

irnportant technique of identifying significant treatment effbcls. However, two other

methods of identifying significant effccts namely, Lenth and Step-Down l,enth methods

are examined in this paper. ' l 'he threc methods are compared in terms of their

perfbrmance in identilying significant efTects by simulating unreplicated 2a tirctorial

designs at two difTerent settings. In evaluating the three methods, we obscrved that

Normal plot has the overall best performance, but the three methods are similar when the

magnitude of each of the effects is high.

Key words: Pseudo-Standard Error; Significant Effect; Treatment Contrast,

Unreplicated Factorial Experiment

1 INTRODUCTION

Experimentation is one of the most common activities that people engage in. It

covers a wide range of applications from household work like food preparation to
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technological innovation in material, science, agriculture, and so on. Experimentation is

used to understand and/or improve a system. It allows an investigator to find out what

happens to output or response when the settings of the input variables in the system are

purposely changed (Hohn 1984. Danohue 1994).

Statistical design of experiment was development by R'A' fisher at Rothamsted

agricul tural  experiment stat ion, London, England in 1930 (Fisher 1935) and i t  has come

to play a vi tal  role in many industr ies and organizat ion in term of improving process

eff ic iency, higher qual i ty and reducing process var iabi l i ty,  cost of  poor qual i ty and other

cost.  Another important use of design of cxperiment is in soreening, in which

experimentcrs seek to identify significance effect (both rnain effects and potentially

interaction effeot) fiom a large set of possible effects'

2 FACTORIAI,  DBSIGNS

The common design of experiments includes; completc randomized design

(cRD). cornplete randomized block design (GRBD), Latt ice Dcsigns, Youden Squarc

Designs; and any one of them may be considered for either simple or f'actorial treatment

structure. Factorial Design, that is a design with factorial treatment structure, is most

widety used, in var ied industr ial  appl icat ions, in some other areas l ike agricul tural  and

other f le lds of 'human endeavors. A f 'actor ial  experirnent wri t telr ,  as I"K is an experimenl

involving K f-actors each at F' levels.

A ful l  f 'actor ial  experiment is obtained when al l  the possible combinat ions of the

factors effects are run in a single experiment and we have a fractional factorial

experiment when a part or fraction of allthe combinations are considered or run.

Un-replicated factorial designs are frequently used in industrial experiment in

order to cut cost or due to some other important reasons (Hunter 1977). In many

industrial settings, replication is sacrificed for run size and this can present serious
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difficulties in the analysis of such design. Replication is the allocation of treatment to a

number of units that are representative of the population.

Replication enables us to estimate the experimental error and as well increase the

power to detect important effects, by decreasing the variance of the treatment effect

estimates. When there is no estimate for the experimental error, the higher order

interactions are often sacrificed for the estimate of error term, which are then used for

cornputing the required statistics in testing for the significance of the design factors.

3 FACTOR EFFECT ESTIMATES

A very simple way of calculat ing effect cst imates in 2K factor ial  design is the

tcchnique dcvised by Yates (Reynar 1967) and i t  is cal led Yates'  algor i thm or Yates'

rnethod. lt is also usecl in determining the sum of squares for the treatment efl-ects. 
-l 'he

proccdure can sometirnes be done manual ly i f  the value of k is not large. (Montgornery,

200s)

I t  has been pointcd or.r t  that in the regression model representat ion o1' the 2K

lactor ial  experiment,  the regression coeff ic ients are exact ly one-half  the effect est i lnatcs.

Therefore it is straight forward to show that the rnodel coefficients (and hence the effect

est i rnatcs) are thc least square cst i tnatcs.

In part icular for 22 factor ial  designs, the regression model is given as;

l ,  =  l 3o*  \ r x , r *  F . x , z+  p r r x , , x , ,  r e ,  i =1 ,2 ,3 ,4

'fhe least square estimates of the model parameters in

minirnize the surt of squares of the error terms (L), which is

Equation ( l )  are chosen to

expressed as follows

4

L =>(y,  -  g,  -  F,x, ,  *  Fzx, t  + B,rx, ,x,r) t

The normal equations arising from Equation (2) are given below
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The expressions on the right hand side (RHS) of the Equations (3) are the contrasts of the

4 4 4 4 ' l

l ac to r  e f fec ts .  and  s ince  I t , '  = I . . , ,  = I " , ' t , ,  = I " , , " , r : I " , , t ;  =0  becausc  the
t = l  i  ' l  t = l  i = l  r = l

design is orthogonal, the normal equations reduce to a very simple tbrm as;

4p , : ( l ) +a+b+ab

4F ,= - ( l ) +  u -b+ab

4Fr=  - ( l ) -  ( t +h+uh

4F , r : ( 1 ) -a -b+ub

Thercfore;

;  ( l ) * r / * h+uh
H u : -

4
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4

; >  - ( l ) - a + b + t t h
u ._  4
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These resression model coefficients are exactly one-half the factor effects estimates.

(4)

(5 )
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4 METHODS OF IDENTIFICATION OF SIGNIFICANT TREATMENT

EFFECTS

In what fol lows we shal l  consider three methods namely, Half-Normal Plot,  Lenth

and Step-Down Lenth methods. These methods are indeed suitable for identification of

s ign ifi cant treatment effects

4.1 HALF-NORMAL PLOT.

When a factorial experiment is not replicated, the coffllnon method of analyzing the

design in order to identify active or significant effects from such experime nt is by making

use of hal f ' -normal plot .  (Daniel  1959).  Under the assumption that the values or iginate

from normal population with mean zero, the ptotted absolute value of estimated ef1bcts

should lic approxirnately on a straight line. Effect that are lying far off the line are said to

be signi f icant.  This method work nicely when

i.) 
' l 'here 

are not rnany significant effects

ii.) When all eff-ect cstimates have the same variance.

I t  turns out that al l  contrasts computed from a 2K design (and hence al l  ef fects est imate)

have the same variance even i f  the individual observat ions have di f ferent var iances

(Montgornery, 2005.)

' l 'he graphical  method entai ls plot t ing on normal probabi l i ty paper;

o- r  (0 .5  +  0 .5 ( i  +  0 .5 )  l ( n  - t ) )  Aga ins t  l p ,  I  r o '  i -  1 .2 . .  .  ,  n

Where lBl ur" the ordered absolute effects, and (D(o; is the cumulative standard

normaldistr ibution. Assuming that al l  Biare zero, the result ing plot should be l inear apart

fiom some random variations. Any point that falls off the line is declared significant.

A normal probability plot can also be constructed on ordinary graph paper in the

absence of normal probability plotting paper. This is done by plotting standardized
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normal z-scores 261 against the ranked contrast effects, where the standardized normals z-

scores are obtained by utilizing the expression given as Equation (6) below.

r - 0  5
p ( Z < z , l = Q ( z , l = ' '

n

For exarnple, i f  ( . i  *  0.5) I  n = 0.05, then @(z ,)  = 0.05 impl ies that z. t  = -1.64.

Meanwhile, many computer/Statistical packages present the normal probability plot this

way.

One of the drawbacks or l imitat ions of using half  normal plot  in ident i fy ing

significant effect is it 's subjectively. Also if the effects contrasts are so close, this method

may prove incff ic ient in ident i fy ing signi l icant factors. Also, the eff ic iency of normal

plot depends on the number of significant effects among the total effects under

considcrat ion.

4.2 LENTH METHOD

To overcome the subject iv i ty and othcr problems of using half  normal plot ,  many

formal testing methods have been proposed among which is Lenth method (l-lamada and

Balakr ishnan, 1998)

: :
Let 0, ,0. ; . . ,4r denote k mutual ly orthogonal est imated fuctor ial  ef lects ( that is.

contrasls of factorial design). Assuming that there are only a few aotive effects, [,enth

(1989) uses Pseudo Standard tsrror (PSE)to est i rnatethe standard deviat ion of g, .  i -  1,2,

. . . , k

p S E = l . 5 o m e d i a n ^  ̂ .  l 0 l
d ,  < l  ) ' ' \ , ,  |  |

where So = I .5. *nttionl7,l

L e n t h ( 1 9 8 8 ) t h e n c a l c u l a t e d t - l i k e s t a t i s t i c b y d i v i d i n g t h e  g ,  b y P S E , w h i c h h e r e f e r r e d

to as Lenth statistics, and expressed as Equation (7).
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e,
t l  e r r t h  r :  

-

PSE

He suggested a t-distribution with V3 degrees of freedom as an approximate to

the t1_.n11., reference distribution for controlling the individual error rate. Any effect that has

its tr."ntl., greater than the critical value is declared to be significant; otherwise such effect

is not s igni f icant.

4.3 STEP-DOWN LENTH METHOD

Voss (1989) proposes a step-down lenth method with l i t t le rnodif icat ion onoriginal  lenth

merhod. f_.t lgl < ldl < < l0l be the order statistics of the k absolute contrasts.
I  l r l r  I  l 1 2 r  I  l r l r

Thc corresponding tcst statistic is expressed as E'quation (8) below:

(7 )

lol
.  I  l ( r ),  - -
' 

PSE,
(8 )

Where IrSE,i  is the Pseudo Standard Error of e, ,e, ,  " .0 r  the signed contrast

c o r r e s p o n d i n g t o t h e a b s o l u t e c o n t r a S 1 S l d | . , , . | , I . . , . . . . . . ' <

the cr i t ical  value at the signi f icant level cr and usirrg the or iginal  t ,enth method with i th

contrasts. If the first largest contrast is declared significant, the PSE,i is recalculated fbr

the rearning k-l contrasts and the second largest contrast is tested for significance' This

orocedure continues until no contrast is found to be significant.

SIMULATION EXPERIMENT

In orrler to evuluute the performance oJ'the three methotts of,unalyling unreplicuted

factorial rlesign which ire iescribetl in secti,n 4 above, u 2'factorial designs will he

used. As a consequence of this l5 distinct contrast effects are to be estimated. The 15

contrast efficts ure simulated using the following plans;

Fo rC  :  l :  0 t : 02 :0s : .  . .  .  :  9 t t : 0 ,  9 t s :A

Fo rC :2 :  0 t=02 :0s : .  .  .  .  i ? t z : 0 ,  ? t s :0u=0 ts :A

Fo rC- -3 :0 t=02 :0s : .  . .  .  r  ? t o :0 ,  / t t :  ? t z : 013=0v :  015 :A

Fo r  C :4 :  0 t : 02 :0s : .  .  .  .  z0e :0 ,  0c :  | t o= | t t  :  ? t z :  9 t s=014 :9 t s=A
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UNREPLICATED FACTORIAL EXPERIMENT

where A rangesfrom I to 8. For each of the possible values of C (C: 1,2,3,4), ten sets

of 15 contrast effects were simulated, Result of simulation experiment for A : I, 2, 5, 6

for C = 1 only are shown in the Appendix. The number of signiJicant contrasts vary

with the values of C; in that when C : 1, we have only one significant contrast, when C
: 2, rre have three significant contrasts, while for C : 3 and C : 4 we huve Jive and

seven significant contrasts respectively.

6 EVALUATION OF THE METHODS

The effectiveness of correctly detecting significant contrasts from the simulated

contrasts fbr the threc methods under considcration was evaluated. 
' fhis is done by

obtaining the relative I iequencies (or eqLrivalently the probabil i t ies) of correctly detccting

significant contrasts. The results of the evaluation are presentcd in'[ables I through 4 for

the three methods fbr C : l ,  C : 2, C:3 and C - 4. Graphical presentations of the

results of evaluation of the three rnethods are given in Figures I through 4, by plott ing the

re lat ive l iequencies against A.

' l 'able 
l .  

' I 'he 
probabi l i t ies of the three

methods  when C:  I

' Iable 2. The probabil i t ies of the three

me thodswhcnC-2

Delta Original

Lenth

Step-Down

Lenth

Normal plot

I 0 . r0 0 . r0 0.3  8

2 0.30 0.30 0.60

3 0.40 0.40 t t . oz

,1 0.50 0.50 0.70

5 0.90 0.90 1 . 0 0

o 0.90 0.90 1 . 0 0

7 r . 00 r .00 1 . 0 0

I 1 . 0 0 1 . 0 0 1 . 0 0

Delta Or ig inal

Lenth

Step-Down

l,cnth

Norrnal plol

I 0 . 1 6 0 .  l 8 0.40

2 0 . 1 8 0 . l 9 0.60

J 0.35 0.39 0.83

4 0.60 0 .68 0.93

5 0.74 0 .80 1 . 0 0

() 0.90 1 . 0 0 1 . 0 0

7 1 . 0 0 1 . 0 0 1 . 0 0

8 r . 00 1 . 0 0 1 . 0 0
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Delta Original

Lenth

Step-Down

Lenth

Normal plot

I 0 . r8 0.20 0.40

2 0.22 0.30 0.72

3 0.45 0.54 0 .88

,1 0 .58 0 .68 0 .98

5 0.66 0 .86 1 . 0 0

o 0.90 0.94 1 . 0 0

l t . 0 0 1 . 9 8 1 . 0 0

8 1 . 0 0 1 . 0 0 r . 00

Table 3. The probabilities of the three

me thodswhenC:3

Fig 7. Probobility groPh when C = 7

Table 4. The probabilities of the three

methods when C :4

E " ^  f ,

I  t v  z - .

1 0

8

y 6=
6
o

!

e
L 4

Probabi l i ty  graph when C = 2

i ngrna l  Le  n th

-  _  
S lop  Down Lentn

N o m a l P l o l

Fig 3.  Probabi l i ty  graph when C = 3

Delta Original

Lenth

Step-Down

Lenth

Normal plot

I 0.25 0 . 3 1 0.42

2 0.38 0.42 0.72

3 0.45 0 .58 0 .84

4 0.60 0.69 0.96

5 0.70 0 .78 1 . 0 0

f) 0.95 0 .98 t . 0 0

7 1 . 0 0 1 . 0 0 r . 00

8 1 . 0 0 r . 00 1 . 0 0
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_=
N 6

I

_Ong ina lLen lh

_  _ , S t e p  
D o w n  L e n t h

N o m a l P l o l

Fig 4. Probabi l i ty graph when C = 4

7 DISCUSSION OF RESULTS AND CONCLUSIONS

Half :Normal Ptot,  Lenth and Step-Down Lenth methods were evaluated by obtaining thc

relative frequency ol'correctly identifying true siginificant cffect and the results are presented in

Tables I through 4. Interestingly, all the rnethods improve in performance when the magnitude

of the treatment effects is increased, though in all the cases, Normal plot has the overall best

perlbrmance, fol lowed by Step-Down l ,enth with the Original  Lenth coming last.

Graphical  prescntat ion of the probabi l i ty ol '  correct ly detcct ing signi l icant treatmcnt

contrasts in Irigures I through 4 present visually, the relative perfbrrnance of the three methods,

with the Normal plot  rnethod being the overal l  best.

In conclusion Normal plot  is superior to the other two methods presented in this paper,

namely. Original  Lenth and Step-Down [-enth. However,  the Normal plot method unl ike the

Step-Down t ,enth and Original  Lenth, has some inherent shoftcomings in terms of subject iv i ty

and non-existence of rigorous statistical tests.
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