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Abstract. In this paper, we presents some partial differential operators defined on suitably chosen function spaces such as
H '(Q), L?(), with p € [1,+0c0). Laplace operator on a domain 2 in R™ subject to the Dirichlet boundary condition
was established by generating a Cy-semigroup, which is generated by an infinitesimal generator w-order reversing partial
contraction (w-ORCP,).
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1. Introduction and Background

Considering heat equation in a domain 2 in R?

v, =Av  (8,7) € Qu
v=0 (s,7) €1y (1.1)
v(0,7) = vo(x) =z €L,

where A is the Laplace operator, Qo = Ry x Q2 and X, = R, x I'. We rewrite this partial differential equation
as an ordinary differential equation of the form
v = Av
{ (1.2)

v(0) = wg
in an infinite-dimensional Banach space X which is chosen suitably, so that the unbounded linear operator
A:D(A) C X — X generate a Cyp-Semigroup of contractions.
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Let X be a Banach space, X,, C X be a finite set, H is a Hibert space, (7'(s)).>0 is a Co-semigroup, w —
ORCP, is the w-order reversing partial contraction mapping, M,, be matrix, P, is a partial transformation
semigroup,L(X) is a bounded linear operator on X, p(A) is a resolvent set, o(A) is the spectrum and A €
w — ORCP, is a generator of Cy-semigroup.

Akinyele ef al. [1], introduced some results on perturbation of infinitesimal generator in semigroup and also in
[2], Akinyele ef al. obtained infinitesimal generator of Mean Ergodic theorem in semigroup of linear operator.
Amann [3], established and solved some linear quasilinear parabolic problems and also in [4], Amann introduced
measures (o a linear parabolic problems. Arendt [5], introduced some Laplace transform in vector-valued and
Cauchy problems. Balakrishnan [6], obtained an operator in infinitesimal generator of semigroup. Banach [7],
established and introduced the concept of Banach spaces. Barbu [8], deduced some boundary problems for partial
differential equation. Carja and Vrabie [9], obtained some results on new viability for semilinear differential
insertion. Rauf and Akinyele [10], obtained w-order-preserving partial contraction mapping and established the
properties, also in [11], Rauf et al. established some stability and spectra properties on semigroup of linear
operator. Vrabie [12], deduced some results of Cp-semigroup and its applications. Yosida [13], established made
a representation and differentiability of one-parameter semigroup.

2. Preliminaries

Definition 2.1 (w-ORCP,,) [10]

A transformation « € P, is called w-order-reversing partial contraction mapping if
Vz,y €Doma : z <y =3 «ar > ay and at least one of its transformation must satisfy cy = y such that
T(s+t) = T(s)T(t) whenever t, s > 0 and otherwise for T'(0) = I.

Definition 2.2 (Cy-semigroup) [12]

A Cp-Semigroup is a strongly continuous one parameter semigroup of bounded linear operator on Banach space.

Definition 2.3 (Cy-semigroup of contraction)[12]

A Cy-semigroup {T'(s); s > 0} is called of type ((,w) with ( > 1 and w € R, if for each ¢ > 0, we have
IT(s)l|x) < Ce™.

A Cy-semigroup {T'(s); s > 0} is called a Cyp-semigroup of contraction or non expansive operator, if it is of type

1 < a<0forall « € R, and for each s > (), we have
IT(s)l|(x) < 1.

Definition 2.4 (Differential operator) [8]

A differential operator is an operator defined as a function of the differentiation operator.

Example 1
Consider the 3 x 3 matrix [M,, (C)], and for each 8 > 0 such that § € p(A), where p(A) is a resolvent set on X .
Suppose
321
A=1221
322

and assume T'(t) = ¢'4, then
3B 2B LB
etAs — | 2B p2LB olB
BUB 218 28

Example 2
In the H~1(f2) setting, assume €2 be a nonempty and open subset in R™, let X = H~1(f), and suppose we
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define A : D(A) C X — X by
{D(A) - HY(©) o

Av = Aw,

for each v € D(A) and A € w — ORCP,,. It follows that H}(12) is equipped with the usual norm on H~1(2)
defined by

ol @) = (lellZzg) + [V Iz2)*-
Example 3

In the L?(£2) setting, suppose €2 be a nonempty and open subset in R™ and assume X = L?(f2). Consider the
operator A on X, defined by

{D(A) — {z € H}(Q); Av € L*(Q)} 22

Av = Awv,

foreach z € D(A) and A € w — ORCP,,.

Theorem 2.1

Suppose (2 is a nonempty, open and bounded subset in R™ whose boundary is of class C!, 7 € N and p,q €
[1,+00). Then,

i. if rp < nand ¢ < -2, we have that W"?((2) is compactly imbedded in L9(f2);

n—rp

ii. if rp=mnand g € [1,+00) is compactly imbedded in L4(£2); and

iii. if rp > n, then W"P(Q) is compactly imbedded in C(€2).

Theorem 2.2
Assume H is a Hibert space and {A, D(A)} a densely defined operator. Then we have,

i. if (I — A)~! € L(H), then A is self-adjoint if and only if A is symmetric; and
ii. if (I £ A)~! € L(H), then A is skew - adjoint if and only if A is skew - symmetric.

Theorem 2.3

For any 8 > 0 and f € H~'(), the equation 8, — Av = f has a unique solution v € Hf}(ﬂ)'

Theorem 2.4

Suppose €2 is a nonempty open and bounded subset in R™ whose boundary T is of class C*. Then ||.|| : H*(2) —
R, . defined by

ol = (IVollZ20y + llorllZ2r)) 2

for each v € H'((2), is a norm on H'({2) and equivalent with the usual one. In particular, the restriction of this
norm to H}(Q), i.e. ||.|| : H}(Q2) — R defined by

llvllo = V]l L2(),

for each v € H}((2), is a norm on H} () (called the gradient norm) equivalent with the usual one. In respect
with this norm the application D : H}(Q) — H~'(2), defined by

<u, Av >p1yp-1@)= /ﬁ VuVudw,

is a canonical isomorphism between H{ (€2) and its dual H —!. The restriction of this application to H? coincides
with —A, where A is the Laplace operator in the sense of distributions over A(£2).

Theorem 2.5

The application I — A : H}(Q) — H~1(Q) is the canonical isomorphism between H} (£2), endowed with the

3

=
B

93



Akinola Yussuff Akinyele, Jos Usman Abubakar, Kareem Akanbi Bello, Liman Kinbokun Alhassan, Moses
Adebowale Aasa

usual norm on H'(Q) and its dual H (), equipped with the usual dual norm. In addition, for each v € H}
and each u € L?(12), we have
<V, U Zr2)=< U, U > gla),H-1(Q) -

Theorem 2.6(Hille-Yoshida)[12]
A linear operator { A, D(A)} is the infinitesimal generator for a Cp-semigroup of contraction if and only if

i. Ais densely defined and closed; and

ii. (0,+00) C p(A) and for each 5 > 0, we have

1
IR(B, A)llx) < 5 (2.3)

Theorem 2.7

Assume {A, D(A)} is the infinitesimal generator of a Cyp-semigroup and let ||.|| p( 4y : D(A) — Ry and || p(4)
D(A) — Ry be defined by ||z||pay = ||z|| + ||Az||, and respectively by |z|pca) = || X — Az]|, for each
x € D(A). Then:

i. |-l pcay is anorm on D(A), called the graph norm, with respect to which D(A) is a Banach space;
ii. D(A) endowed with the norm ||| p(4) is continuously imbedded in X;
iii. A€ L(D(A),X) where D(A) is endowed with ||.||p(a);
iv. |.|p(a) is anorm on D(A) equivalent with ||| p )3
v. I — Ais an isometry from (D(A), |.|p(a)) to (X, ||.|[); and
vi. foreach z € D(A), S(.)z € C[0,+00); D(A) U C([0,+00); X) .

3. Main Results

This section section presents results of w-ORCP,, on Laplace operator with respect to the Dirichlet boundary
condition by generating a Cy-semigroup of contractions:

Theorem 3.1

The operator A € w — ORCP, defined by

; 1
vl 1) = (||’”||§,2(sz) + ||VU||?52(51))2-

is the generator of a Cp-semigroup of contractions. In addition, A is self-adjoint and [|.|| p(4) is equivalent with
the norm of the space H—1(£2).
Proof:
By virtue of Theorem 2.5, we know that I — A is the canonical isomorphism between H2 (), endowed with
usual norm of H'(£2), and its dual H~1(£2). Let us denote that FF = (I — A)~! is an isometry joining H ~1(Q)
and H}(€). Consequently

<v,u>g-y =< Fv,Fu >l Q) (3.1)

for each u,v € H~(Q). Let u,v € H(S2), then we have
<0, Fu > )= / VoV (Fu)dw —|—/ uFvdw
Q Q
= / v(—A(Fu))dw —|—/ vFudw (3.2)
Q Q

= / v(I — A)F(u)dw =< v,u >12(q) -
Q
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From (3.1), taking into account that F'(I — A) = I, we deduce

< —Av,uSgag)=<v—Av,u>gyg) — < VU >go1g)
=< F(v—Av), Fu >pg1q) — < v,u >pg-1(q)
=<0, Fv>g-110) — <v,u>g-1q) -

From (3.2), we have
<Av,u >ga)=< v, u>g-yg) — <U,U>Lg) - (3.3)

Therefore A is symmetric. But (I — A)~' € £(H*()), and therefore by Theorem 2.2, it follows that A is
self-adjoint. Taking u = v in (3.3), we obtain

< Av,v >p-yg)= ||’ff||?rr—1(sz) - ||'”||?52(n) <0. 34

Theorem 2.3 shows that, for 8 > 0, we have (81 — A)~! € L(H~1(Q)), while (3.4) implies that, for 8 > 0, we
have
<A — Av,v S>> /\||1J||i,_.(m.

Hence || R(8; A)l|pz-1(a)) < - Since Hg(Q) is dense in H~"(2), we are in the hypothesis of Theorem 2.6,
from where it follows that A generates a Cy-semigroup of contractions on H (). Finally by (iv) in Theorem
2.7 and (3.4), it follows that ||.|| Dp(A) 1s equivalent with the norm of the space H £ and this complete the proof.
Theorem 3.2

The linear operator A € w — ORC'P,, defined by

(3-5)

D(A) = {v € H}(R2); Av € L*(R2)}
Av = Aw,

for each v € D(A) is the infinitesimal generator of a Cy-semigroup of contractions. Moreover, A is self-
adjoint and (D(A), .|| p(4)) is continuously included in H(£2). Suppose € is bounded with C* boundary, then
(D(A), ||lp(a)) is compactly imbedded in L*(£2).

Proof:

Assume Cg°(R2) is dense in L%(Q), and C°(Q2) € D(A), it follows that A is densely defined. Let A > 0 and
f € L%(2). Since L?() is continuously imbedded in H~1(f2), and —A : H}(Q) — H~'() is the duality
mapping with respect to the gradient norm on H} (£2), we have

< Av,u >p20)=< Vv, Vu >p2q)=< u,Av > [i(@), H(Q) - (3.6)
By Theorem 3.1, we know that for any A > 0 and f € L2(12) (notice that L2(2) C H~1(12)), the equation
Av—Av=f 3.7

has a unique solution vy € Hj(Q) C L%(Q2). So, Avy = Avy — f is in L?(£2), which shows that vy € D(A) and
Avy — Avy = f. Taking the L? inner product on both sides of (3.7) above by v and taking into account that by
(3.6), we have < Av,v >p2()< 0 for each v € D(A), then we deduce that

Moallzzy < < froa >r2@)< | fllz@loallzz @),

which shows that || R(A; A)||z(x) < . Finally from (3.6) and Theorem 2.2, it follows that A is self-adjoint.
Considering both inclusions, then D(A) C H! C L?(12) are continuous, and the latter is compact whenever {2
is bounded by Theorem 2.1. Hence the proof is achieved.
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Theorem 3.3

Let A € w — ORCP,, be the Laplace operator with the Dirichlet boundary condition in H~*((2), let A > 0 and
1 < p < +oo. Then:

(1.) There exists a unique Ry € L(LP(Q)) so that Ryu = R(A; A)u for all u € H~1(2) N LP(Q) and R
satisfies:

i [Raullzee) < xllullie )
ii. foreach f € LP(Q2), AR\ f € LP(2) and ARAf — AR,f = f; and
iii. foreach A > 0and g > 0, Ry (L?(Q2)) = R,.(LP(£2)).
(2) Let Ry € L(LP(Q)) for each u € R(LP(R2)), we have Au € LP(2), and the operator A : D(A) C
LP(Q)) — LP(Q), defined by

D(A) = Ry(L* ()
Au=Au foru € D(A),

is the generator of a Cy-semigroup of contractions.

Proof:

Since H~1(Q2) N L?(Q) is dense in L?(12), then it follows that R(\; A) has a unique extension R € £L(LP(£2))
satisfying (i). Next, let ( fx)rewn be a sequence in D(2) convergent to f in LP(€Q). As Ry fr — MR fr = fr in
H=(Q2), we have Ry f — AARLf = f in D'(2), from there we get (ii). Finally, let f € H—(Q2) N LP(2), and
u=TRyf € H1(Q) N LP(Q). For each p > 0, we have

pu— Au= f + (1~ NRf 38)
Let us denote by g the right-hand side of (3.8), i.e.
g=f+m—A)RAf
and let us observe that Ry f = u = R,g € H~1(Q) N LP(2) and therefore
RAH™H(Q) N LP(Q)) € R, (HH(Q) N LP(Q)).

Analogousl
o R, (H™'(Q) N LP(Q)) C (Ra(HH(2) N L (),

and so
RA(H™H(Q) N LP(Q)) = (R (H™1(2) N LP()).

Since H=1(Q) N LP(L) is dense in LP(Q2), and R, R,, are linear and continuous operators in L?(£2), then we
deduce (iii). And this complete the proof of (1). To prove (2), for each u € R1(LP(Q))) and A € w — ORCP,,
we have Au € LP((2), follows from (ii) in (1) above. Soletu € D(A), A > 0, A € w— ORCP,, and denote that
f = Au— Aw. From (iii) in (1), there exists g € LP(£2) such that u = R, g. We then conclude that g = Au— Au
and so f = g. Then A € p(A) and R(\; A) = (M — A)~! = R,. This relation in (i) from (1) above show that
IR(X; A)|| o) < 3 llullzr(q)- Thus A satisfies (ii) in Theorem 2.6. To complete the proof, we have to merely
to show that D(A) is dense in LP(). To this aim, letu € D(Q2) and f = u — Au € D(2). Obviously u = Ry f
and therefore D(Q2) € D(A). Hence D(A)is dense in L (£2) which complete the proof.

Theorem 3.4

Let 2 be a nonempty and open subset in R™ with C* boundary T', let X = [H~1(£2)]* then:

(i.) operator A : D(A) C X — X, defined by

{ D(A) = H'(Q)

< Au,v > HL(Q),[H ()] —< Vu, Vv >rL2(0)

3
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for each u,v € H'(Q2) and A € w — ORCP,, is the generator of a C-semigroup of contraction on X; and
(ii.) the operator { B, D(B)}, defined by

D(B) = {u € H*(Q);u, =0onT
Bu=A, forue D(B)

is the generator of a Cy-semigroup of contraction on X.

Proof:

Since H'(2) is densely imbedded in [H'(€2)]*, in view of Theorem 2.6, we have merely to show that for each
A > 0, the operator Al — A : D(A) C X — X, where A is defined as above is one to one onto and

IAL = ) zxy < 5 39
But this simply follows from the obvious identity
< Au— Au,u > ) 1 (@)= )‘HUH%Q(Q) + ||V”||%.2(51)
and this achieves the proof of (i). To prove (ii), let u € D(B). Then, for ecach v € H(2), we have
< Au, v >y @) =< VU, VU >20)=< Au, v >12(g)
and thus, Au = Bu for eachu € D(B) and A, B € w — ORCP,. In addition
< Bu,v >p2(9)= — < Vu, Vv >12(q)

for each u,v € D(B) and B € w — ORCPF,,. Thus B is symmetric and for each A > 0, AI — B is bijective from
D(B) to L%(2) and

_ 1
IOT = B) oo < 5-

If D(B) is dense in X = L?(£2), then we are in the hypothesis of the Theorem 2.6 and this complete the proof.

4. Conclusion

This paper have established that w — ORC P, generates a Cy-semigroup of contractions which was obtained by
a Laplace operator with Dirichlet boundary condition.
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