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ABSTRACT

Re.samplinE methocjs have treen forjnrj to be useful for several purposes such as model selection ltnear reEression. and

estimation of sarrrpling variances or sland6rcj errors anql confidence interuals ln estrmating the population coeffictent of variatton
and rls standard $rfor, two methods of rc.sarnp|ng. tlootstrap and Jackknrfe, are compared in this paper The Jackkntfe method ls
found to require relatively small sarnpie srze to attain conststency in its esttmate while Boolstrap requtres larEe sample slze
tl0ot$trap is ai.:;O lOurid tO ahiJays underestlrnate the standard error Of its estlmates
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1.0 lNrR()nucnoN

Many conventtonal statisttcal methods of analysis

such as; correlatron. regfesslon, t-tests, and analysis of

vaflance make some assumptrons about normall ty. When

tftese assumptt{)ns are vtolateo such rnethods of analysls n' lay

fari  Re-sarnplrng merhod (Bootstrap or Jacxknrfe) is steadtly

beconrng nlore popular as a stal lst lcal methodology to

overcome this problefil (b"tron. 1979) lt rs rntended to stmpli$'

the calculattorl of stattstlcal estlmates. sofnetlmes In sltuations

where analytrcal answer cannot be obtarned With computer

proc€ssorg becorritrrg faster and more powerful, the tirne and

efforl needed lor re-sampling (Bootstrap or Jackknife)

decreases to levels where tt becomes a vlable alternatlve to

standard parametnc statrstrcal technrques (Barker, 2005)

In statistics, there are lots of methods that are

practrcally guaranteed to work well rf the drstnbution of the data

rs known espeoally, rf rt rs normally dtslrlbuted and all we are

tnterested In are ltnear combtnatrons of these normally

drstr ibutecl variables l l  the sample slze rs large enough,

central lirntt theorem can be used, In that we expect me3ns to

converge t l)  normaltty, and hence do not need lo do re-

samplrnE from a nornial dlstr lbutron as l l  tncreases

Suppose we want to make tnference about thc data

when one of the fciliowtng rs true;
-$mall sample slze where assumphon of normaltty

does not hold
.A non-irnear combtnation of varrables (eg Ratic)
-A loeatron statrstlc other than the mean (correlation

or coeffrcrent of vartatton)

Data^based simulatron (Bootstrap or .iackknrfe)

method for assiEnrng measures of accuracy to statistical

estlmates c"an tie used to produce rnferences Such as

conftden€ irrteryals withr:ut knowing the type of distnbution

frorn which a sample has been taken Tne use of statistical

research is becoming more and ''nore sophlstrcated lt is

lncreasrngly cornrnon for many proposed methodology to go

beyond standard parametrtc analysrs and tn additlon, costly or

expensrve crata collection wrth its extremely non-non'nal nature

are regulady encountered fle-sampirng methocl has become a

rereognrzed lechnique for dealing wrlh these problems

Bootstrap ancJ Jackkntfe procedures as dlsctrssed by

Efron (1982) and Mrl ler (1974) are non-parametrrc stat istacal

technroues which can be used to reduce the btas of pornt

estrmates and cnnstruct approximate confidence intervals for

the populat ion paramelers and other summary stattstrcs

These procedures require no assumptron regardlng the

statrstrcal distnbution (e g Nomtal, Lo,lnorrnal Gamma etc )

for the unclerlying populatron, and can be applted lo a vanety

of situations no matter how comphcated

Though rt should be pornted oul that, use sf

parametric statisiicat method (depending upon rts drstrrbulional

assumptions), when appropriale rs more eflioent than lts non-

parametnc counterpart, In practlce. parametrlc assufflptlons

are often difficult to ;ustify or meet. hence, non-parametrrc

methods are valuable tools for obtarntnQ rehable estimates of
parameters of interesl (Srngh et al 1997)

This paper wrl l  examrne and compare the two

methods of re-samphng Bootstrap and Jackknife, in estrmatrng

populatron parameters or therr oerrvatlves and the standard

error of estrmate The standard error ts used lo construcl lhe

confidence intervals and statrslrcal test of hypothesrs Also the

mrnrmum Bootstrap samplrnq required to obtatn a stable and

rehable estrmate wil l  be determtned

2. BOOTSTRAPMETHOO
This method was frrsl  Introduced by €fron (1979) io

derrve the esttmate of standard err<lr of an arbtlrary estimator

Findrng slandard error of an estrmator ts an tmponant actrvity

for every stat istrdan as rt  rs rarely enough to f ind a polnt

egtrmate Statrstrcrans wrl l  always want to know hQur

reasonable an erslrrnator rs, by establlshtng or finding rts

variabilrty. Ihe Bootstrap ts a type of Monte Carlo methoo

based on observed data (Efron and Tibshirani, 1S93)

In the Bootstrap procetlure, repeated samplo of slze n

are drawn with replacement from the glven set of observatlons

of size n The process ts repeated a large number of times,

and each trme an esttmate of 0 ls computed Thc estimales

obtarned are used to dompute the estlmate, d], of tne

Bopulation parameter and its standard error Bootstrap is not a

way of reduclng the errors. but rt only trles lo estimate the error
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though it rs often found to under estimate the errors. Bootstrap
method of re-sampling is found to be less efficient when the
data set is small, the observations are dependenl and when
the data contains outl ier(s)

A general description of Bootstrap is as follow,

Step 1. Let ,T,1,.f,2. -r, i, -t,/, represent the

i 'r 'sample of size n with replacement from the original

data set .T1 , x2 , "T j, .r,, . Then, compute the

estimate of the population parameter and denote it

a s  4 , .

Step 2: Perform step 1 independently N times (500, 1000 or

more). each time calculate a new estrmate d Denote these

est imates oy 0, ,0 , ,0- , .  er .

The Bootstrap estimate of the
parameter is the arithmetic mean

population

The n estimates of the populatron parameter, 0, are computed
by deleting one observatron at a time lf we denote the
arithmetrc mean of the n estrmates bv

A quantity which shall be called the i 'n 'pseudo-value'

is defined by;

J ,  =  n 0  - ( n _  l ) 0

Where 0 is the estimate from the orrginal observations.
The Jackknife estimate of 0 is then given by;

. r t t ) t  ' i . r ,
t t a

l f  the or ig inal  est imate of  0 is  b iased,  then,

under certain conditions, part of the bias is removed by
the Jackknr fe procedure,  and an est imate of  the

standard error  of  the Jackkni fe estrmate,  . / ( / ) ) ,  rs  g iven

by;

^ [ r( t i
/ t t t '  

!  n (  r r

t ' l

a =1f  a
t t a

l \

e,=lre,'  NA ' ,
And the Bootstrap estimate of the standard error is given
by;

l r ' \ ,

6,  - . !  '  
F(r )  d , , l

! . \ ' t ? ' '  
t ' '

The conf idence interval  is  obta ined by us ing the
Bootstrap estimate and its standard error assuming
normality as;

CJ = (A ,  +  2 , ,  , ,  . o , , (0 ) ,  0 .  - :  ,  . ,  o , , (0 ) )
{ t - * r )  "  i l  . . , )

Where 2,, denotes the a - /h quarti le of the standard

normal  d is t r ibut ion.

3.0 JACKKNIFE METHOD
Jackknife is one of the most commonly used methods

for constructrng simple and efficrent variance estimators For
small sample size, Jackknife is simple and quicker to use
Moreover, Jackknife produces nonrandom estimates and it ts
easy to work wlth rts closed-form solution For small sample.
such as n = 3 or 4, there rs high probabilrty that the Bootstrap
samples contain only one distinct unit, whrch may lead to some
esttmates or summary statistrcs undefined (variance or its
derivatrves) (Variyath et al, 2005)

This method also involves two steps:

Step 1. Given a random sample ,rr . -tr), -rr, , , -r,, , we

generate Jackknife samples which has value .f,-,

removed f rom the data set ,  i=  1,  2,  3,  n

Step 2. For each Jackknife sample, the i 
'r partral

estrmate of the population parameter using the sample

oenerated is obtatned;

Another apphcatron or usefulness of pseudo-values,

suggested by J Turkey (see Mil ler, 1974) rs usrng rt  to oblarn

the confidence Intervals for lhe oarameter ( l  based on the
fol lowrng prvotal quantrty,

.  . l t i t l  ( )
I -

o

The statrst ic, t ,  In the above equation has an approxtmate
student's t  drstr ibution with n-1 degrees of freedom (Standard

Normal for large N) which can be used to derive the ( l  -  a)

confidence Interval for t) ,

I Jg )1+  r ,  , ,  ,o  ,  .  . r r i t t  t ,  . ,  ,d ,  "  I'  ,  ' , .  ' t  I  t t t t t  I  , r , , r  |  . l t A l

4.0 SIMULATION

A  r a n d o m  s a m p l e  o f  s i z e  n  ( n  =  5 ,  1 0 , 2 0 , 3 0 ,

50,  80,  100,  120,  and 150) f rom normal  var iable wi th

mean !  =10 and var iance,  61r  = 3 are Simulated

using R codes The est imate of  In lerest  is  the coef f ic ient
cf  var iat ion.  whrch rs  a functron of  mean and varrance cf

the data For  srmpl ic i ty ,  a  functron rs  def ined in R such

that if i t is called, it wil l compute the coefficient of

variation for a given data set This functron is used for

both Bootstrap and Jackknife methods Assume that x is

the sample of  s ize n generated f rom N(10,  3)

t , . , . t ( lD) :
t \ -

0 , = ( x r , . x 2 , - ( ' i . 9  I  x i - r . . f , r + r ,  )  ,  , X , )
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The codes for BootstraP method
- cv = function(x) { sqrt(var(x))/mean(x) # function to compute the cv

- boots = <- numeric( 1000) # number of bootstrap sampling
- for ( i  in |  :  1000) {
- boots[i] = cv(sample(x, replace=TRUE))]
- mean(boots)
- var(boots) # compute the variance of the estimates

The codes for Jackknife method
- jack = numeric(length(x)- | )
- pseudo = numeric(length(x))
- for ( i  in l : length(x))
- { for ( in l : length(x))
- t  i f  0 < i) jack[i ]  = x[ j ]  else i f  ( i  >i) jack[i- l l  = xU]

- pseudoIi]  = length(x)*cv(x)-( length(x)-l)*cv0ack)
- mean(Pseudo)
- var(pseudo)

-t

__-_B@tsl.ap 
Melhod

- _ -Jactlnde 
Method

Actual valw

# obtain the estimate of each sample

# compute thc mean of the estimates

and Jackknife.
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Fig. lb. Starrdard Error ol the estimates

30 50 80 100 120 150

Populataon srze(N)

Table 1: Summarv of simulated results tor Bootstrap ano
Bootstrap Method Jackknife Method

-fSto 
e-rrorN CV Std Error

5 0 . 1 4 5 0.047 0.191 |  0 .066

1 0 0 . 1 6 2 0.033 0.177 i  0 .039

20 0 . 1 6 8 0.020 0. ' t7s |  0 .020

30 0.1  70 0 . 0 1 7 0 174 |  0 .018

50 0 . 1 7 1 0 . 0 1 4 0: t74  i  0  012

80 0 . 1 7 2 0 . 0 1 2 0 73 |  0 .012

1 0 0 0 . 1 7 2 0 . 0 1 0 0 . 1 7 3  |  0 . 0 1 1

120 0 . 1 7 2 0.009 0 . 1 7 3  I  0  0 1 0

1 5 0 0 . 1  7 3 0.009 0.173 |  0  009

0 0 0

Fig. la. Estimate of Coefficiertl of Variation (CV)
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Table 2: Summary of srmulated results for Bootstrap method
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The actual value of the populal ion coeffrcrent of
,d  a rcn  rCV =  0173)  rs  a t ta rned,  to  two p laces  o f  decrmal ,
^h€n the  sample  s rze  rs  30  fo r  bo th  methods  (Tab le  1 )  S ince
sarnpie srze of 50 gave a reasonable esttmate of the
populatron parameter by the two rnethods, this sample stze ts

used to determtne the approprrate number of bootstrap
samptes requtred to attarn a reasonable estrmate of populat ion
parameter when Bootstrap method of re-samplrng ls used The

summary of the results ts shown rn' l-able 2

(lnderes,r,nate the s!andard error of rts est lmate when

comoare j  wrth Jac:kknrfe method though, they both converge

with large sar"nple srzes (Table 1 and Ftgure 1b)

Elootstrap method seems to grve consrstent estrmates

clf  the populatron parameter and rts standard error when the

samole number of the observations tt  rs samphng from ts large

Therefore. when the number of observatrons is large enough,
small  Bootstrapprng wrl l  grve consrstent est lmates Wtth
sample size of 50, Bootstrap samplrng of 500 gave a
consrstent esttmate of populat lon parameter and rts standarcl
error (Table 2) l t  fol lows that when the sample srze of
observed data rs small  lsay less than 30) large Bootstrap
samplrng (at least 1000) wrl l  be requrred lo obtarn consrstent
estrmates. but large sample of observed data does not requrre

such a large Bootstrap samPllng
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5.0  DISCUSSION AND CONCLUSION

It has been demonstrated that both methods of re-

sanrp l rng  lechnrque are  very  e f f tc ten t  In  es t lma l lng  the

Oopu la t ron  parar l re te rs  and ther r  s tandarc ,  e r ro rs ,  espec la l l y
when pop i r la t ron  drs t r rbu t ron  ts  no t  specr f ted  or  when

est tmat ron  o f  summary  s la t l s t rcs  and the  s tandard  er ro rs  o f
such estrmates are needed for rnferentral purposes Vy't th

sample  s rze  o f  30  bo t f  r  methods  gave an  unbrased es t rmate  o f

CV to  2  p laces  o f  decrnra l  Whr le  a  sample  o f  s rze  B0 ts

requrred by the Jackknrfe method to grve the precrse estimate

of CV to 3 decrmal places Bootslrap method requrred at least

a  sample  s rze  o f  150 to  a t la rn  the  same precrs lon  (Tab le  1  and

Frgure  1  a  )  Genera l l y  Boots l rap  method rs  found lo


